Chapter 2

Problem 2.1
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Referring to Figure S2.1 the springs with stiff-
ness 60 N/mm and 90 N/mm are placed in series
and have an effective stiffness given by

1

=
"7 1/60+1/90

= 36 N/mm

This combination is now placed in parallel with the
spring of stiffness 40 N/mm giving a final effective
stiffness of

ket = k1 +40 =76 N/mm

Problem 2.2
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The infinitesimal area shown in Figure S2.2(a)
is equal to rdfdr. When the circular disc moves
in the x direction with acceleration i, the inertia
force on the infinitesimal are is yrd@drii,, where -y
ids the mass per unit area. The resultant inertia
force on the disc acting in the negative x direction
is given by

2
I, = / / yityrdfdr = ym R?ii, = Mii,
0 0

where M is the total mass of the disc. The resultant
moment of the inertia forces about the centre of the
disc, which is also the centre of mass is given by

R 27
M, = / / ~iigr? sin 0dOdr = 0
0 0

In a similar manner we get
I, = Mii,

For an angular acceleration g about the center
of mass the inertia force on the infinitesimal ele-
ment is directed along the tangent and is 7r25d9dr.
The x component of this force is r26dfdr sin 6.
It is easily seen that the resultant of all x direc-
tion forces is zero. In a similar manner the resul-
tant y direction force is zero. However, a clockwise
moment about the center of the disc exists and is
given by

2 2 2
My = / / ~Or3dodr = 'y7rR2 i R 9

The elliptical plate shown in Figure S2.2(c) is
divided into the infinitesimal elements as shown.
The mass of an element is ydzdy and the inertia
force acting on it when the disc undergoes trans-
lation in the x direction with acceleration i, is
~Yiiydxdy. The resultant inertia force in the neg-
ative x direction is given by

a/2 b/24/1— 4902/@2
I, = / / Yiiydydx
a/2 b/24/1— 4ac2/a2

a/2
:'yiiz/ by/1 — 422 /a?dx

a/2

The moment of the x direction inertia force on an
element is vyii,ydrdy. The resultant moment ob-
tained over the area is zero. The inertia force pro-
duced by an acceleration in the y direction is ob-
tained in a similar manner and is M4, directed in
the negative y direction.

An angular acceleration g produces a clockwise
moment equal to 'yTQédxdy = v (x2 +y2) édazdy.
Integration over the area yields the resultant mo-
ment, which is clockwise

a/2 b/2 1 4w2/a .
Iy = / / ~v6 (:L'2 + y2) dydx

a/2 b/24/1— 412/0,2
:VLaba +b20:Ma +b20
4 16 16

The x and y direction inertia forces produced on
the infinitesimal element are f’yésinﬂdzdy and
'yé cos Odxdy, respectively. When summed over the
area the net forces produced by these are easily
shown to be zero.



Problem 2.3
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As the center of the pulley moves a distance u,
the spring is stretched by 2u and the pulley rotates
through u/R. Referring to the free body diagrams
shown in Figure S2.3, the conditions of equilibrium
are

2uk x 2R+ miiR + Iy — TR =0
T+ Mii=0

Substituting Iy = mR?/2 and eliminating T' gives

<M+3;n)a+4ku—o

Problem 2.4
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The displacement at location A, shown in Figure
S2.4, due to a unit load is given by

L} L} L}L,
Aa=spn Y aen T o

123 x 768 36 x 64

© 3x30x106 3 x30x106 x 7
122 % 36 x 32
12 x 106 x 7

= 0.01475 4 0.01056 + 0.0044

=0.0297 in.

Equivalent spring stiffness = m = 33.67 %

_ 10 _ 1b.s?
Mass = 861 = 0.02588 ===

The equation of motion is given by

0.02588i + 33.67u =0

or
i+ 1300u =0
Problem 2.5
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Taking moments about B shown in Figure
S2.5, and noting that Iy = M R?/2

MR?

M (L + R0+ 5

0+ cd?0 +kL30 =0

or

M (L‘{ + gR2 +2L1R> 0+ cd®0 + kL30 =0



Problem 2.6
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Taking moments about A shown in Figure 52.6
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When the flywheel is braked, an additional

>é+cd2é+kL29=o

tional inertia term will exist. Moment equilibrium

gives

[mL2

3
Problem 2.7
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Boundary conditions

w:O}
ap z=0
@70
w:O}
d2¢_ x=1L
EI@—O
where
dp _dyp 11 s i
@_dng_L(% 15¢ +6£)
d? 1
d—;f =13 (24€* — 30¢ + 6)

All four boundary conditions are satisfied

mﬁ—ALm@mmfdx

1
= mL/ {1 (&)} d€ = 0.03016mL
0

L [P

k :/0 EI{ dx(f)} da
_EI [Yfd*()\*,. .. EI
_m/o{ €2 }d§_7'2L3

ﬂ 0+ cd*0 + kL*0 =0
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where p is the mass density.

L
7n*::/“fﬁ@»{¢cw}2dx
0
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L

= % (Al + ;Ag)
L
p* = —/O m(x)igy(x)de
1
::‘;L pLitg {Ar + (As — Ay) €} (26 — €2) de
— —pLﬁg (leAl + 152142)
Problem 2.9

Refer to Figure 52.9 where the inertia force
on an infinitesimal element is shown as m%zz%‘ dx.
The total displacement u! u + ug, where u is
the displacement relative to the ground and wu, is

the displacement of the ground. The inertia force




thus becomes m (£(t)¢(x) + iy) de. The first term
within the parentheses produces the generalized
mass m* while the second term produces the gen-
eralized force p* as follows

= [ " (@) =

e

The generalized stiffness is given by
. L PERE: 3EI
k :/ E1[¢ (x)} dv = "=
0
The geometric stiffness produced by the axial force
S(z) = (L — x)myg is obtained from

kg = /OL S(x) {wl(x)r dx = gmg

The equation of motion including the gravity effect
is
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Problem 2.10
u=2(x)
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Problem 2.11

The mass matrix M and the stiffness matrix
K are given by

2 00
M= [0 2 0] kips?/in.
[0 0 1
(1000 —500 0
K= |-500 750 —250| kips/in.
0 —250 250

With T = [1 2 3], the generalized mass
m™ and generalized stiffness £* are obtained from

m* =T My = 19 kip s?/in.
E* = TKrp = 1250 kips/in.
The generalized force is obtained from
1
1| i, = —1170sin(67t) kips
1

_ *’(,Z)TM

The equation of motion is given by

192 + 1250z = —1170sin(67t)

Problem 2.12

Taking moments about A shown in Figure
S2.12

mi?0 + 2ka’0 + mglsind =0

For small vibrations sin 6 = 6, hence

mi%0 + (2ka2 + mgl) 0=



Figure S2.12



Chapter 3

Problem 3.1
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The degrees of freedom are identified in Figure
S3.1. The free-body diagrams are also shown. For
force balance on each of the front and rear axles

E(M +¢s (qa — ¢1 — goa)

+ks(qa —q1 — q2a) + krqs =0
qu +cs (43 — 41 + ¢oa)

+ks (g3 — q1 + q2a) + kg3 =0

For equilibrium of vertical forces on the vehicle
body

;(h +cs (43 + 44 — 241)

+ks(gs+q1—2¢) =0

Taking moments about the mass center of the ve-
hicle body

?7"2% + csa (gs — 4 + 2a4ds)

+ksa(gs — qu +2ag2) =0

l l ks(q4—q1—q,a)

7

Collectively, the four equations can be expressed in
the matrix form

M*i+C'a+K'u=0

u'=[q¢ ag @ ]
w
g
W r?
M* = g a? w
E w
]
r2 0 -1 -1
. 0 2 1 -1
C=cs| 1 1 1
-1 -1 0 1
2 0 -1 -1
Kr_p | 02 1 -1
= k
S|-1 1 1442 ko
-1 -1 0 144
Problem 3.2
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Coordinates u and § measure the vertical mo-
tion and rotation of the base. The forces on the
structure are identified in Figure S3.2. Assuming
that u! is measured from the position of equilib-
rium under gravity load, the condition of vertical
force balance gives

mii’ + 2ct + 2ku =0 (1)

or
mii + 2ct + 2ku = —miig

Taking moments about A and assuming that 6 is
small

(Io +mh?) 6 + 2cb?0 + 2kb%0 — mgh® =0 (2)



