C H A P T E R

First-Order and Simple Higher-Order
Differential Equations

Problem 2.1

Solve cos’ydx + (14+e*)sinydy = 0.

Casel. cosy=0 — y=(2n+l)%, n=0,+1, £2,...
Case2. cosy#0

1 siny e siny
dx = — dy+C — dx = — dy+C
/1+e_x x /coszy s+ /ex+l x /coszy s+

1 1 1
/ex+ld(ex+1) Z/Coszyd(cosy)-l—c — In(e*+1) = o T €

osy
Problem 2.2
3 x2
Solve d_y _xc .
dx  ylny

/y Inydy = /x3ex2dx+ C

I Z/y Inydy = %/lnyd(yz) = %(yz lny—/yz-

I = /x3e"2dx = /x-xzexzdx = l/xzexzd(xz) = l/ue“du u=x*

2= = =2 =2 » U=
= %/ud(e”) = %(ue” — /e”du) = %(ue“ —e*)

E %)’z(ln)’—%) = %exz(xz—l) +C = yz(lny_%) _ exz(xz—l) LC

Problem 2.3

Solve x cos’ydx + e tan ydy = 0.

/xe—de:/—Cs:;);dy—i—C, cosy#0
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: /xe_xdx = —/xd(e_x) = —[xe_x - fe_xdy] = _—xe ¥ _e ¥
siny 1
/ cos’y 4 / cos3y (cosy)
— e—X(x+l) - _

Problem 2.4

Solve x(y2+1)dx+(2y+1)e*xdy=0.

2y+1
Ydx = | — d
/xe X / JE y+C
: /xexdx=/xd(ex)=xex—fexdx=xex—ex
2y+1 2y f 1
dy = d
/y2+1 4 /y2+1 A

So(x—De* = —[ln(y2+1) + tan_ly] +C

 2cos2y

+C = e *(x+1) =

2cos?y 2cos?y

dy =In(y*+1) + tan” 'y

(x—1)e* + 1n(y2+1) + tan_ly =C.
Problem 2.5

Solve xy>dx + e dy=0.

xy’dx = —e* dy  #Z%Variable separable
Casel. y =0 isasolution.

1
Case2. y #0: /xexzdx = /—de +C

-2
%/exzd(xz) = —/)’3d)’+C — — %e*xz = _)’_2 +C

1
. e*X +_:C

32
Problem 2.6

Solve x cos’ydx + tanydy = 0

xcos’ydx = —tanydy 2% Variable separable

t
/xdx:—/czrslz))// dy+C — %x2=—ftanyd(tany)+c

R
Ly xT =

—%tanzy—i- C = x*+tan’y=C
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Problem 2.7

Solve xy’dx + (y+1)e *dy =0

Casel. y=0 isasolution.

Case2. y#0:

1
xexdx_—yyidy+C — /xe /(y_2+y_3)dy+C

1 1
e (x—1) = —(—y*Hl n —)73“) s

—2+1 —3+1
1
e (x—1) — 1_ "~ _¢ /25 General solution
yo2y?
Problem 2.8
d
Solve o + x +2=0
dx vy
d d
The DE is homogeneous. Let Loy — y=xu —> —y—u—i-x—u
X dx dx
du 1
LU+ x—+—+2=0
dx u
d 1 T+1+2 1)?
R R . Tl _lutl) /29 Variable separable
dx u u u
Casel. u+1=0 — y= —x isasolution.

1
Case2. u+l1#0 — /ﬁduz/—;dx—i-c

u+1-—
f(u+1)2 (u+1)2 “= | /<u+1>2

ln‘u—{—l‘ + —
u+1

" ln}u+1| + L = —ln|x‘ +C
u+1

Z+1'+
X

In ! +ln}x| C — ln|x+ ‘—i— =C
Z+1 4 +,’V

X

Problem 2.9

Solve xdy —ydx =x cot(l)dx
X

i, Cdy oy y
Divide by xdx: I x cot(;) /9 Homogeneous DE
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d d
Let u=Z = y=XxuU = —y=u+x—u
X

dx dx

u
U+ Xx— —u=cotu
dx

)

Casel. cosu=0 = cos = =0 isasolution.
x

Case2. cosu##0.

/tanudu:f%dx—i—C = —ln|cosu|=ln|x|—|—C

1
cosu

/29 Case 1 is included in Case 2 for C=0.

Problem 2.10
y

Solve [xc0s2<;> —y]dx—i—xdy: 0

C
=Cx — cos(z>:—
X x

PANE
d_y_ xC052<x) : = d_y_ — cos? (Z>—}—Z /9 Homogeneous

dx X dx X X
y dy dy
L t = — — 2 =

d
u-+x d—y = —cos’u+u /2% Variable separable
x

)

Casel. cosu=0 = cos* =0 isasolution.
x

Case2. cosu # 0.

du dx y
/ ‘o _+C:>tanu:_ln|x|+C:>ln|x|—|—tan<—):C
COS“ U X *

Problem 2.11

Solve xdy =y(1+1Iny —Inx)dx

dy ) Y

prialon (l—i— In ;) /9 Homogeneous

Y _ dy _ ﬂ
Letu—_—x = y=Xxu = dx_u—l—xdx

d d
", u—{—xd—u =u(l+lnuy = xd—u =ulnu /2% Variable separable
X X
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1 1 1
/ du:/—dx—l—C - /—d(lnu):lnx+C
Inu

ulnu x
1n|Cx| — Inu=Cx — u=e¢"* — Z:eC"
x

1n|1nu| =

Problem 2.12

Solve xydx+ (x* +yHdy =0

y
d 2
ol a2 X /9 Homogeneous DE
dx x2+y ( J
+ z_
x
dy du

Yy
Let —=u — y= -
e . u y=xu dx =u i

d 24u?
G ) /2% Variable separable

du
'u+xa__l+u2 — YT T 142
Casel. u=0 — y=0 isasolution
Case2. u#0.
1+u? dx
——du=—-[—+C
/u(2+u2) " x +
I /—1+”2 d /—1+”2 d 1/—1+”2 d?) 2oy =1
— u= udu = % u vV=u
u2+u?) u? (24u?) 2 w22+ u?)
1 1+v 1 1 1 1
-1 dv=1 [ (c+5—)dv=f[Inv+Ine
/v(2+v) 4/ v+2+v) gllnv+In@+v)]
—ln|x|—|— ln|C|

" i[ln u? —|—1n(2—|—u2)]
[u2(2+u2)] = ln)% = u’Q2+u®) = e
AT (Y]] ¢ = rar e =c

x x
Alternatively, it is obvious that y =0 is a solution; for y #0

(2)

d 2 2 o

ax — _x Ty -7 /9 Homogeneous
dy xy

x
y
dx du

Let f:u = X=)yu — @—u—kydy

d 241 d 2u” +1
u+yd_;:_u: — yd_;:_ W /2% Variable separable
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d
2u2+1 y
d(2u +1) 1
: = ———— =7’ +1
/2u2+1” 4/22+1 u*+1)

C
" %ln(2u2+l):—ln|y|+%ln|C| = ln(2uz—i—l):ln—4
2
QU+ y*=C — [2(1) +1]y4=C — y*2x*+yH =C
y
Problem 2.13

Solve [1 + exp(— %)}dy + <1 - %) dx =0

J_
d)’_ x !

== /#9 Homogeneous
de 14 exp <— Z)

Let y—u=> =Xxu — y—u—}—xdu
x V= dx dx
d -1 d 1 U
U +xd_z lb-li-e—“ — xd—z = — lt-uee_“ /259 Variable separable
1+e ¥ “+1
/ te /_+C _— et du=—ln‘x}—|—ln‘C‘
1+ ue e'+u

3 ln‘e“+u‘=ln|;‘ = e”+u=;

exp(%)—l—%:% or xexp(y)—i—y C

Problem 2.14

Solve (o —xy+yHdx —xydy =0

b sty 2o

ix = xy = . 7 . /9 Homogeneous DE
x
Let — e 24 + du
et U—=— =XU 7 = -
4 dx dx
du 1—u+u? du 1—u
Ut+x—=—"-=— X— =
dx u dx u

Casel. u=1 — y=x isasolution.
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Case2. u#l.
4 du=d—x:> < 1—— du_/—-i-C
1—u X
—u—ln‘u—l‘ :ln‘x‘—i—ln‘C‘ — — n(e ‘u—l‘):ln‘Cx‘

C
tu—1)=— = x(l—l) x=C = (y—x)e F
x x

/29 Case 1 is included in Case 2 for C = 0.

Problem 2.15

Solve.  (3+2x+4y)y ' =1+x+2y

I+ x+2y
y’ = - /%5 Special transformation
34+2(x+2y)
Let +2 du Y
et u=x = — = —
) dx dx
d 1 d 544
(_u _ ) - tu —_ au _ +au /29 Variable separable
dx 34 2u dx 34 2u

Casel. 5+4u=0 — 4x+8y+5 =0 isasolution.

2u+3

Case 2. 5—|—4u;£0=>/ du:fdx+C

4u+5 2

SINISIES
_|_
(O8]

o
<
+
D= [N
T

1
1 2 . u 1 _
/<§+4u+5>du_x+c — E+§ln|4u+5|_x+C

x+2y

1 x 1
+ g1n|4x+8y+5| =x+C — y- =+ g1n|4x+8y+5| =

Problem 2.16

2 -1
Solve y/:Lyz
xX—y—

Point of intersection of lines
2x+y—1=0
x—y—2=0
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dy
Let x=X+1, y=Y-1 = )}/z—

dX

dy 2(X4+D4+(Y-1)—-1 2X4+Y 2+
dX (X+)-(Y-1)-2 X-Y

1—

It

dy X du
—=1u R
dx dx

Y
Let u=¥ — Y =Xu —

+Xdu 2+u
u _—
dXx 1—u

du_2+u _2—|—u—u+u2 u* +2

wo1-a ™ — 4 =14 /29 Variable Separable

/—1_”d /dx+c (1?42 #0)
u= | — U

uz 42 X ’

1

Etan_l% — %ln(uz—i—Z) = ln|x| +C

1 oyl y+1\2
2tan'— 2 — [ (Z5) 2] 4 2Injx -1
/2 tan NP n[(x_1> + ]+ njx—1/+C
1
V) tan*#Jr1 = In[(y+1D> +2(x -]+ C

Problem 2.17

Solve (y+2)dx=Q2x+y—4)dy

Point of intersection of lines
y+2=0

== x=3, y=-2
2x+y—4=0

Let x =X+3 =Y-2 — /—d—Y
a > V= Y= dx
dy (Y—2)+2 Y

dX T 2X+3)+(Y-2)—4  2X+Y 5

Y
)1(/ /9 Homogeneous DE

Let u:Z = Y =Xu — d_Y:u_i_Xﬂ

X dXx dXx
du u u—2u—u? u(u+1)
dX=2—|—u_u 24u u+2
Casel. u=0 — y+2=0
y+2

x—3

Case2. u=—1

= —1 :>y:1—x
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CHAPTER 2.
u-42
C 3. 0, —1: dX C
ase3. u#£0, u# /u(u—i—l) u= / +
2 A
Partial fractions: “t -
u(u-H) u u-+l
_u+2 _u+2 _
_u—i-lu 0 ’ - u:—l_
2
/(_— f dx+C
u u—|—1
n|u| — Inju + 1| n|x| 4+ In|C| = no n| <
y+2
e =S L) _ (Y +22=Clxt+y—1)
=5 = = > X —
u+1 X y+2+1 x—3 Y Y
x—3

Since y+2=0 isincluded in the general solution with C =0, the solutions are

(y+2*=Cx+y-1); y=1-x

Problem 2.18

Solve y' = sin®*(x— y)

du ) ) du ) du
— — =sinffu = 1—sin“u= — = cos"u=— #Z298§ bl
dx dx dx eparable
Case 1. cosu=0=>x—y=u=%n:|:krr, k=0,1,2

du—+C

1
Case2. cosu #0 = /dx:/ 5
cos? u

. x=tanu+C = x =tan(x—y) + C.
Problem 2.19
d

= = (x+D>+ @y+1)  +8xy +1

Solve

dy 2
i +2x+8xy + (4y+1)"+2
=x>+2-x-(4y+1) + (4y+1)* +2 = (x+4y+1)* +2

Let x +4y+ 1 144 _
et X = U = JE—
Y dx dx

1<du ):u2+2:>j—j::4u2+9:4[u2+(

o

R | )2]

dx

"4
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d 1
/%:/4dx+C=>Ttan_1%=4x+C
u?+(3) 2

2
tan*l?” —6x+C — Z(x+4y+1) = tan(6x+0C).

Problem 2.20

Solve (Bx* 4+ 6xy*)dx + (6x*y +4y°)dy =0

M =3x*+6xy?, N =6x%y+4y°

oM ON oM  ON
— = 12xy, —=12xy — — = — #% Exact DE
ay dax

3x2dx + 6xy’dx  + 6x*ydy + 4y’dy=0

fdxi \\ /a fdyl

3 fdx 3x2y? 3y 4

General solution: ~ x® 4 3x%y* 4+ y* = C

Problem 2.21

Solve x> —xy? =2y +3)dx — (x*y +2x)dy =0

M=2x3—xy2—2y+3. N=—x2y—2x
oM oN aM  ON

= Jxy—2, — = -2xy—2 — = Exact DE
dy * 0x * — ay 0x 20 Bxac
2x3dx — xy*dx — x?ydy — 2ydx — 2xdy + 3dx=0
P N AN
1 0 d -2 9
%x“ Jdx — %%y 3 Jax oy 3x
General solution: %x‘* — %xzyz —2xy+3x=C
Problem 2.22
Solve (xy* +x =2y +3)dx +x*ydy = 2(x + y)dy
(xy? +x—2y+3)dx+ (x*y —2x —2y)dy =0
M=xy2+x—2y+3, N=x2y—2x—2y
oM oN oM ON
— =2xy—2, —=2xy—2 = —— =— /Z9ExactDE
dy x dy 0x
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xy*dx 4+  x*ydy + (x+3)dx — 2ydx —

2xdy — 2ydy=0
A NS
fdx %xzyz %

A P /
dx —2x 9
%x2—|—3x / 7oy —y?
General solution: %xzy2 + %xz +3x—2xy—y*=C
Problem 2.23
Solve 3y(x2—1)dx+(x3+8y—3x)dy=0,

when x =0, y=1

M =3y(x*-1),

oM oM ON
8—:3(x2—1), a—:3x2—3:3(x2—1) —s —— = — 29 Exact DE
y X

dy ox

N=x3—|—8y—3x

3x2ydx + x*’dy — 3ydx —

3xdy + 8ydy=0
N /

. ) fdyi
fax >3, 7 3 fd S 3xy 2
x’y  dy x Y %y 4y?
General solution:  x’y — 3xy + 4 )3(2 =C
x=0, y=1 = C=Z4 == x’y—3xy+4y’=4
Problem 2.24
Solve (x* +Iny)dx + idy =0
J
oM 1 ON
M=x2+lny, N=i = — = — = — 29 ExactDE
y y y 0
x?dx + Inydx + —dy=
fdxl \
d 0
%x3 Jax xIny 3y
General solution: %x3 +xlny=20C
Problem 2.25
Solve

2x(Bx+y —ye_xz) dx + (x* +3y* + e_xz)dy =0

M =2x(3x +y—ye_x2), N:x2+3yz+e_"2
oM  ON

—=-— #Z9Exact DE
5y ox xac

oM 2 52
— =2x(1—e"), — =2x+¢e " (—2x) =
dy x
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6x2dx +2X)/dx + xzdy + e_xzdy — nye_xzdx + 3y2dy =0
fdxl fd\“.\ /a \ / fd)’l/
~ 2,7 Ao .2 ad
253 Uyt y Jy e Tk »?

General solution: ~ 2x> + x%y +y e + y=C

Problem 2.26

Solve (3 +y+2y*sin’x)dx + (x + 2xy — ysin2x)dy = 0

M=3+y+2y*sin®x=3+y+y* —y*cos2x, N =x+2xy—ysin2x

oM ON
8—=1+2y—2yc052x, 8—=1+2y—2yc032x = /9 Exact DE
'y x

3dx + ydx 4+ xdy + y*dx + 2xydy

J dxl Ii dx\* %y / ? \ /

7 dx ™ 5 -~ 0
3x 0y f Xy

— y?cos2xdx - ysin2xdy =0

N /

1 . i
Jdx —7y2s1n2x Ty

General solution: ~ 3x + xy + xy* — % y?sin2x = C

Problem 2.27

Solve  (2xy+yHdx+ (x* +2xy+yHdy =0

M=2xy+y2, N=x2—|—2xy+y2

oM ON oM oN
— =2x+2y, — =2x+42y = — = — Z92ExactDE
dy 0x dy dx

2xydx  + x*dy + y*dx + 2xydy + y*dy=0

\ ,/a fdx\n - ’/i fdyl

fdx . xzy 3y

. 1
General solution: ~ x%y + xy? + 3 y=cC



CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

Problem 2.28

Solve (x* —sin®y)dx + xsin2ydy = 0

13

M = x> — sinzy, N =xsin2y

oM . . oN .

—— = —2siny cosy = —sin2y, — =sin2y /9 Notexact DE
dy 0x

1 (BM 8N> 1 (— sin2 in2y) 2

— )= —sin2y — sin =——

N \ oy 0x x sin2y 4 4 x

n(x) = exp[/% (2—];1 — E;—Z) dx] = exp(—/%dx) — e 2Inx _ x_12

) 1 sin” y sin2y .
MultlplytheDEbyu(x)_F. <1 . )dx—l— . dy=0

. 2 .
ldx — 51n2y P siny cosy dy =0
x x
Jos, S
x fdx 2. 9
Nitek v
p” Y
siny

General solution: x +

Problem 2.29

Solve yQ2x—y+2)dx+2(x—y)dy =0

M =2xy—y*+2y, N =2x—-2y)

oM ON oM ON
— =2x—-2y+2, — =2 = — # — /29 NotexactDE
dy 0x dy 0x

1(8M—8N)— L [ex-2y+2)-2] =1
Ny T ) T2y (s

w(x) = exp[/% <E;—];/I — %—1:) dx] = exp(/dx> -

Multiply the DEby p(x)=e*: (xy—y*+2y)e*dx + 2x—2y)e*dy =0

2xe*dy 4+ (Q2ye*+2xyef)dx —yle¥dx — 2yefdy =0
fdy 2xye* 2 dx  —y2e¥ %

General solution: 2xye* — y?e* =C = ye*2x—y)=C
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Problem 2.30

Solve (4xy +3y* —x)dx +x(x +2y)dy =0

M=4xy+3y* —x, N=x*4+2xy)

ON oM ON
— =4x+6y, — =2x+2y = —— # — 29 Notexact DE
dy ax dy 0x
1 /oM ON 4x+6y)—(2x+2 2
— (———) = (x+6y) —(2xt2)) = — /9 A function of x only
N \ody ox x(x+2y) X

nx) = exp[/% (%—%—Z) dx] = exp(f%dx) — 2lnx _ 2

Muiltiply the DEby u(x) = x*:  (4x°y+3x%y? —x>)dx + (x* +2x°y)dy = 0

4x%ydx  + x*dy +3x%*dx  + 2x%ydy —  x3dx =0
N A
Jax Sy Tay Je T _ L.
4

o x4 3,2 1.4 _
General solution: ~ x%y +xy* — zx* =C

Problem 2.31

Solve ydx +x(y* +Inx)dy =0

M=y, N=x(*+Inx)
oM 1 oN

= 5 —_— =

1
—_— (y*+Inx) +x-— =y*+Inx+1 2% Not exact DE
dy 0x x

1 <8M aN): 1—(y*+ Inx+1) 1

N\dy  ax =—= A function of x onl
N \dy ox x (2 + Inx) ~ #% Afunction of x only

_ 1 /oM ON . 1 _o—x 1
M(x)_exp[/N<ay—ax)dx]_exp(/ xdx)_e =
1
Multiply the DE by pu(x) = —: de + (y*+Inx)dy =0
x X

Yax 4 Inxdy +  y*dy=0
x

\\ / fd)’l
Jo5 7y inx ] 1.3
3)

General solution:  ylnx + % y=C
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Problem 2.32

Solve (x> +2x 4+ y)dx + Bx*y —x)dy = 0

M=x"+2x+y, N=3x"y—x
oM ON M | BN

Ty 0 x0Tl —— Not exact DE
dy dx *y = ay # o /5 Not exac
L (OM N\ _ 1-(6xy—1) _ 2 .

< ay ox ) x (3xy—1) X £ nction of x only

n(x) = exp[/ ! (%}4 - E;—ZZ) dx] = exp(/—%dx) — ¢ 2lnixl _ %

. 2y 1
Multiply the DE by u(x)—;. (14 =+ )ax+ (39— )dy =

General solution:  x + 21n|x| y + 5 y =

Problem 2.33

Solve yrdx+ (xy+y* —1dy =0

oM oN
M=y, N=xy+y?—1 = —— =2y, —— =y 2 Notexact DE
ay ox
1 /ON oM 1 1
(a— 3y > :—2()’—2)’)2—; /#Z49 A function of y only

1(y) = exp fM 8—N - aa—]f) dy] - exp( /%dy) _ oyl _ %

1
Multiplying the DE by wu(y)= —: ydx + (x—l—y——) dy=0
Y Y

ydx + xdy + (y—%)dyzo

fdx\—\ /Aai fdyi/

General solution:  xy + % y*> —1In ‘ y’ =C



16 CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

Problem 2.34

Solve 3(x* + yH)dx +x(x* +3y* +6y)dy =0

M= 3x2+3y2, N=x +3xy2 +6xy

oM N

W=6y, §=3x2+3y2+6y EfDNotexactDE

1 /ON oM 3x2+3y*+6y) — 6

—(—— ):(x 3y +67) Y #Z%9 A function of y only
ax 0y 3(x2+y?)

) I e

Multiply the DEby e7: (3x%e”+3y*e”)dx + (x’e” +3xy?e” +6xye?)dy =0
x*e?’dy + 3x%erdx +3y*e?dx +  (6xye” +3xy*e’)dy =0

"/ N /

N e e N
J&r = i3y % Jdx " 3xyler 2

General solution: ~ x%¢” + 3xy*e” = C

Problem 2.35

Solve 2y(x+y+2)dx+ () —x* —4x—1)dy =0

M:ny+2y2+4y, N:yz—x2—4x—1

ON
— =2x+4y+4, a—=—2x—4 /29 Not exact DE
x

ON  OM 2x—4) = Qx+4y+4) 2
_( ) (—2x—4)—Qx+t4y+ ) — — /29 A function of y only
ax 0y 2y (x+y+2) y

o =ew [ [ 8—N—88—])\}4>d)’]—exp</ ) L

4 24 1
Multiply the DE by 2(y) = — (7x +2+;> dx-l—(l—:— - y—x ——)dy=0

1
»?

NS}

==

i x2 4x 1
General solution: — + —+2x+y+—=C
y J Y
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Problem 2.36

Solve Q+y*+2x)dx+2ydy =0

oM oN

M=2+y"+2x, N=2y — 8—:2)/, 8_:0 /%9 Not exact DE
'y X

1 /oM 0N 1

N (E—a—x> = Z 2y—0) =1 /29 a function of x only

nx) = exp[/% (%—%) dx] = exp(/dx) =&

Multiply the DEby u(x) = e*:  (2e*+y*e*+2xe*)dx +2ye*dy =0
(2e" +2xe¥)dx + y?e¥dx + 2ye*dy =0

S dxl \ /

N 2ex 7D
2xe* Jax = yrer dy

General solution:  2xe* + y?e* = C

Problem 2.37

Solve 2xy* —y)dx+ (P +x+y)dy =0

) ) oM oN
M=2xy"—y, N=y"+x+y — — =4xy—1, e 1 #%9 Not exact

dy
1 ON M 1—(4xy—1 2
- <_— ) = txy—1) = —— /9 A function of y only
M \dox 9y 2xy?—y y
1 /oM oN 2 _ 1
won=es] [ 37 (5~ ) 0] =ew( [~ Sar) ==

1

. 1 x 1
Multiply the DE by u(y)= 7 (2x—;>dx+ <1+?+;)dy =0

1 x 1
2xdx — —dx + —dy + (1+—)dy=0
xdax 2 ( }’>

fd L y Y
2 de\ -« /% fdyl
Y

General solution: ~ x? — % +y+Inly|=cC
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Problem 2.38

Solve yx+y)dx+(x+2y—1)dy=0

M = xy—l—y, N=x+2y—1
oM oN oM  ON

= 2y, — =1 —_— —_— Not t DE
5 =x+2y P —_— % £ P /20 Not exac
1 /oM IN 2y)—1
- (_ _ _> = M =1 /9 A function of x only
N \ 9y 0x x+2y—1

peo =exp| [ (E;—f—¥>dx]—exp</l-dx):

Multiplying the DEby p(x) =e*:  ye*(x+y)dx +e*(x+2y—1)dy =0
y*erdx + 2ye*dy + (x—1e*dy + xye*dx =0

\ /

N ) _ 5% 9
fdx yze" % fdy (x—1)e*y e

General solution: ~ y?e* + (x—1)e*y = C

Problem 2.39

Solve 2x(x2—siny+1)dx+ (x*+1) cosydy=0

M =2x(x*+1) —2xsiny, N = (x*+1) cosy

oM oN oM ON
—— = —2xcosy, —— =2xcosy — — # — /29 Notexact DE
dy 0x dy 0x
1 /,0M ON 1 4
—(———> =————(—2xcosy—2xcosy) = _
dy  Ox (x2+1) cosy x2+1
oM ON 4x
ool 355 ol e
g — = — 2 = —
_exp[ ] exp[—2In(x*+1)] 112
Multiplying the DE by p(x):
2x cosy 2x smy
dy =0
x2+1 dx + 2+1 2+1)2
fdx\L \ /
In(x*+1) siny
%241

sin y

=C
2+1

General solution:  In(x?+1) +
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Problem 2.40

Consider a homogeneous differential equation of the form

M(u)dx + N(u)dy =0, uzl.
x

1
If Mx+Ny=0,ie., M(u)+N(u)u=0, show that M is an integrating factor.
x

1
Multiply M to the differential equation
X

1 N
~—~— ~——
M N

aM_a<1)_O BN_B(N)_a(N)1+N(1>
dy  dy\x/ ax  dx\Mx/) dx\M/ x M x2
a (N o N\ ou NM-NM y

a\Mm/) T au\m/) a9 - M2 U 2 Chain rul
8x(M> 8u(M> 9x M2 ( xz) #%9 Chain rule

M' = —N'u— N 25 Differentiate with respect to u

+
X M

©ox M2 X2

aN_N/M—NM/<_y)‘1 N( 1)

x2 x2

1 /NM—-NM 1 /N'Mu—NMu+MN
x*M M x2M M
1 N(=Nwu—-N(=Nu-N)u+N(—Nu) 0
XXM M -
oM N

1
. — = — =0 = DE (x) is exact or —— is an integrating factor.
dy ox Mx

Problem 2.41

Solve (x* +y+yHdx —xdy =0

(x*+y*)dx + ydx —xdy =0

o 2T
X +y2
dx — d(tan_ll) =0 =— x— tan_ll =C
x x

Solve (x — Vx24+y?)dx + (y — Vx2+y?)dy =0
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(xdx+ydy) — /x?+y? (dx+dy) =0
xdx+ydy

NizEsy — (dx+dy) =0
d (VX2 4y?) = (dx+dy) =0 —
Solve  y/1+y%dx+ (xy/1+y —y)dy =0

x?+y?—x—y=C

V1+y? (ydx+xdy) —ydy =0
ydy
(ydx +xdy) — —=—= =0
y Ny
d(xy)—d(,/1+y2) =0 = xy—,/1+y>=C

Solve  y*dx — (xy +x’)dy =0

y(ydx—xdy) —x’dy =0 — ydx-xdy x

> —dy =0
x y
)0 — Jo(2) e
(2] 0=0 = 4 0=
Solve  ydx —xdy —2x’ tan %dx =0
ydxx;zxdy =2xtan%dx = —d<%) =2xtan%dx
— cot%d(%) =2xdx = —d(ln’sin%)) = d(x?)
g ln‘sinl’:—xz—kc — snZ =ce*
X X

Solve Q2x*y* +y)dx + (’y —x)dy =0

xy(2xydx+x*dy) + (ydx—xdy) = 0

dx—xd
%d(xzy)—l-M:O = id(xzy)%—d(f)zo
y Yy Y Y
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X X
d(xzy) + 2 d(—) =0 — d(xzy) + d<ln|—‘> =0
x Ny Y
X
" x2y+ln’—‘ =C
Y

Problem 2.47

21

Solve y*dx + [xy + tan(xy)|dy = 0

y(ydx+xdy) + tan(xy)dy =0 = yd(xy) + tan(xy)dy =0
1
cot(xy)d(xy) + ;dy =0 = d[ln|sin(xy)” + d[ ln|y|] =0

In|ysin(xy)| = C = ysin(xy) =C

Problem 2.48

Solve Qx*y* —y)dx+ (@x*y’ —x)dy =0

Qx*ytdx+4x°y*dy) — (ydx +xdy) =0

257y (yPdx+2xydy) — d(xy) =0 = 2x%?d(xy?) —d(xy) =0
1
(xy)?

5 1
" 2xy +E=C

Problem 2.49

2d(xy?) —

dixy) =0 = 2d(xy2) + d(%) =0

Solve (3 4+ y)dx + (Py* —x)dy =0

¥} (ydx+xdy) + (ydx—xdy) =0 = x*y*d(xy) + (ydx—xdy) =0

ydx—xdy

x2d(xy) + =0:>x2d(x)+d£ =0
g y? g <y)

1 ) x 1 x\~L y
MlZ;, Uy =xy; [y, =1, u2=; - ;-xy:1-<;> =;=M
Multiply the differential equation by integrating factor p = 2.
x
Y dtey 4 2 d(F) = Y a(¥) =
. x“d(xy) + . d(y) =0 = (xy)d(xy) + . d(y) 0

X
—‘:C

b a(nf2]) =0 = 3o
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Problem 2.50

Solve y(y2+1)dx+x(y2—x+1)dy=0

(P dx+xy*dy) + (ydx+xdy) — x*dy =0
Y2 (ydx+xdy) + (ydx+xdy) —x*dy = 0

(y*+1)d(xy) — x*dy =0
—_— ~—
Group 1 Group 2

Group 1: H1

1
Group 2: M= "7 u, =y
1 1 1 1 1

M= VAL x2y2 X2 y2(14y2) | x2y2(1492)
Multiply the differential equation by integrating factor w:

1 1 1 1
——d - ————dy = d —(—5———=)dy=0
a2y O Sy v Geyp ) <y2 1+y2> g
1 1 1 1
—d(—)+d(=)+d(tan""y) =0 — —— —tan"'y=C.
() +4() rdlan™) =0 = = —anly
Problem 2.51
Solve yrdx 4 (" —y)dy =0
(ydx —ydy) + ¢*dy =0
—— ——
Group 1 Group 2
Groupl: M 2, N — oM, 2 N1 0
u : == 5 = - = > A =
P 1=J ! Y dy ) 0x
1 /0Ny O0M; 1 2 .
E<W_ % )_)7(0—2)/)_—; /#Z%9 A function of y only
2 1
w1 (y) = exp /——dy =2 = —
1 (f-5®) yz

Multiply Group 1 by integrating factor ,:
X

5

dx — %dy = dx — d(In[y|) = d[In(e*)] — d[ In]y|] = d<ln

ex

)

1
ML= o uy =1In
Yy

Group2: p,=-—, U, =y
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ex

Yyl =

1 1
eX y

—In

1
o=y & () = 1y & (1) = y—ze

1 1
Multiply the differential equation by u = & elxdx e dy + ; dy =
1
Xdx — *dy + — dy=0
\ / l
»|
f dx — e_ 8 f 7
In|y|
General solution:  — ye ™ + ln| y| =

Problem 2.52

0

23

Solve (x*y* —2y)dx + (x*y —x)dy = 0

Method 1: (x*y*dx 4+ x’ydy) — Qydx +xdy) =0

Group 1 Group 2
Group 1:  x?y?dx + x*ydy = x*y (ydx+xdy) = x*yd(xy)

oM, oN,
Group2: M, =2y, N,= 3y =2, W =1
1 /oM, 8N 1 1
—( ) = —(2—-1) = — /9 A function of x only
ay ox x x

Uy (x) = exp(f%dx) =el"* — x

Multiply Group 2 by integrating factor ,:

x-2ydx+xdy) = 2xydx + x2dy = d(x%y).

N_—

fdx =~ xzy 3y

1
2
= , Ul =XY; =X, U, =Xxy:
1 2 1 Vi My 2 Y

1 o
&1 (uy) = 1y & (u2) = E(xy)"‘ =x(x’y)f — xO2ye =

a—2=2,8+1} [a:—l
-
a—1=4 B=-

1
a—2 a—1 —-1-2_-1-1
= X =
4 Y x3y

p=x 5

)

B
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Multiply the differential equation by p:

1 1 2 1
YTt T ey e
fdxl/ fdyl \ 5
1 Jax 1 3y
nlx| Iny| 2
. 1 1
General solution:  In|x| + In|y| + E =C = In|xy|+ E =C

Method 2: x*y(ydx+xdy) — Qydx+xdy) =0
Multiply the differential equation by x: x’y (ydx+xdy) — Qxydx+x*dy) =0
x3y d(xy) — d(xzy) =0
——— ——
Groupl Group2

Group 1: =—) U, =x
p Hq X3y 1 Y

Group2: wu,=1, u,= x%y

1
g () = 8w, — E(xy)a = ].(ny)ﬂ —_ xa—3ya—1 — x25y/3
a—3=2,3] {5:-2 s
a—1=8 oa=-—1
1 1
Multiply the differential equation by p: Ed(x y) — pye d(x*y) =0

1 1 1
—d — ——d(x*) =0 df1 dl—)=0
xy (xy) 22 (x“y) — d[In|xy|] + (xzy)
1
General solution: ln‘x y} +—=-=C
X7y

Problem 2.53

Solve 2x’y + y)dx — (x* + 2xyH)dy =0

2x°ydx — x*dy + y’dx — 2xy*dy =0

Group 1 Group 2
oM oN
Groupl: M, =2x’y, N, =-x* = L —2x3, —L — 4453
dy 0x

1 (BM1 BNI)

1 6
A - )= _x_4(2x3 +4x%) = L #Z49 A function of x only
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25
6 1
= exp(/— ;dx) — e Olnx — =
Multiply Group 1 by p,(x):
y 1
2x—3dx - Sdy = uy= 2
NE—_—
2y
D
oM AN,
Group2: M, =y, N,=-2xy* = 8)/2 3y?, vl —2y?
1 /oM oN 5
—( z_ 2) = (3)/2—1—2)/2):—— A function of x only
N,\ 9y dx —2xy? 2x
5
Uy (x) = exp(/— Z—dx) —em2lnx — =3
x
Multiply Group 2 by 1, (x):
_3 _5 3 3.3
—2x"2y*dy + x"2yldx = Uy =x %y

N\ e

N 3 P
fd)’ —%x_5y3 ax

) 3 _3 3
'.MIZF’ ulzx—z; Uy =X 2, U =Xx 2);

5 _3
g () = 1y g () — x 0(xH)* =x"2(x "2y

x—6—2aya — x—%—%ﬁy&f}

5_3 —_7
—6—205:—7—5;8} . a=—3
7
LU= x_6_2°’y0‘ = x_6+%y_% = x_%y_%
Multiply the differential equation by p:
2x3y~3dx  —  x3y 3dy + x 3yidx  —  2x 3y 3dy =0
fdx %x%y‘% % fdx _3x—%y% %
General solution: %x%y_% - 3x_%y% =C — xgy_% —4x_%y% =C
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Problem 2.54

Solve (1+ycosx)dx —sinxdy =0

l4+ycosx d
Divide the differential equation by sin xdx : +)/— ~ Dy
sin x dx
Cos X 1 Cosx
y-——y=—" PO=-——) Q) =—
sin x sin x sin x sin x
Cos X : 1
/P(x)dx = —/ ——dx = —In|sinx|, efp(x)dx = e Inlsinxl — _—_
sin x

sin x

1 1
/Q(x)efp(x)dxdx = f —— . ———dx = —cotx

sinx sinx
Ly = e_fp(x)dx[/Q(x)efp(x)dxdx + C} = sinx(—cotx + C)

= —cosx + Csinx

Problem 2.55

Solve  (sin’y +xcoty)y' =1

3 coty-x = sin’y, P(y)=— coty, Q(y)=sin’y 2% Linear first-order
Y
P(y) = —coty, Q(y) =sin’y

_— — —_ 1 1
; d cotydy = —1 1 , fl (dy _ In|sin y|

/ (y) 54 / ydy n|31ny‘ e e " 5
fQ(y)ef ») ydy /SII‘] y-

e—fP(y)dy[/Q(y)efP()’)dJ’dy + C] = siny(—cosy + C)

General solution: x = siny(C — cosy)

Problem 2.56

Solve dx — (y —2xy)dy =0

d dy =—
iny y = /smy y cos y

d_x +2y-x=y, P(y)=2y, Q(y) =y  #£9 Linear first-order
’
/ P(y)dy = / 2ydy =3, PO oy

fP(y)dy /Q(y) efP(y)dydy + C /er dy + C)

= [feyz-%d(yz) + C] = e_)'z(%ey2 +C) = % +Ce
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Problem 2.57

Solve dx — (1 +2xtany)dy =0

d
d_x —2tany-x =1, P(y)=—-2tany, Q(y) =1 /25 Linear first-order
y

/P(y) dy = —Z/tany dy = Zln‘cosy|, efp(y)dy — g2lnlcosyl _ cos’y

1 2 in2
/Q()’)efp(y)dydy:/l-coszydy:/wdy:%4_51“4)’

2= "] [ae"Vay 4] = (242 1 c)

cos?y \2 4

g 2xcoszy =y+sinycosy+C

Problem 2.58

Solve 2—)}()/3 + f) =1

dy y dy
1 1
4 y

1

x = e_fp(y)dy[/Q()’)efp(y)dydy + C] :y(%y3+C)

dx 3 X dx 1 3 1 3
= — — —-x=), P(y):—;, Q(y):y

1
" x—§y4—Cy=0

Problem 2.59

Solve dx + (x —yHdy =0

d
d_x +x= yz, P(y) =1, Q(») =y2 /297 Linear first-order
4

/P(y)dy - /1.(1), —, JPOd _ oy
/Q(y)efP(;v)dJ’dy = /yzeydy — ()’2—2y+2)e)’
T e_fp(y)dy[fQ(y)efp(y)dydﬁc] = e[ —2y+2)e’ +C]

o x=y'—2y+2+Ce”
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Problem 2.60

Solve yrdx+ (xy+y* —1)dy =0

dx 1 y2 -1 1 1
-t x=- , PO =— Q) =-1+—5
dy "y »? y »?

/P(y)dy:/yldyzlnm’ efP(y)dy:e1n|y|:y
— —fP(y)dy/ [Py dy 1 / 1
e [ Qye dy+C]_y[ ( 1—|—y2>ydy+C]

1
B ;(—%yz +In|y| +C) = y*+2xy —2In[y|=C

Problem 2.61

Solve ydx = (e +2xy —2x)dy

dx = 2(1—y) e’ 2(1—y)
—+ x=—, P()= Qy) = —
dy y * 4 y 4 y

efp()’)d)’ — eln(yze_z}’) :y2€—2y

y
/Q(wefp(”dydy x /e— yre Py = /ye‘ydy =—(y+Dhe”
y

2y
x = e‘fp(y)dy[/Q(y) JPOY gy | c|= ey—z[—e‘y(yﬂ) +C]

. yzx = Ce¥ — (y+1e”

Problem 2.62

Solve 2x+3)y =y + (2x+3)2, y(—=1)=0

. 1 1 1
—_ . = 5 P = - X) =
4 2x+3 4 V2x+3 () 2x+3 Q) V2x+3

1
/P(x)dx:—/ dx=—%ln|2x+3

1

V2x+3

’ JPOdx _ —Linjaxt3] _

2x43
y= e—fP(x)dx[/Q(x)efP(x)dxdx+ C]

_ ! ! — Vaxr3[1L
_«/2x+3[/\/2x+3-\/2x+3dx+C]_ 2x+3 [ 3 In[2x+3| + C]
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y~)=0: 0=+I(3In1+C) = C=0

2y = V2x+3 In|2x+3]|
Problem 2.63

Solve  ydx+ (y*e’ —x)dy =0

dx 1 1
— ——-x=-ye), P(y)=-—, Q(y) =—ye’ 29 Linear first-order
dy y Y
1 1
/P(y)dy = /—;dy = Iy, /POY i 2 5

— 1
xX=e fp()’)d)’l:/Q(y)efP()’)d)’dy+C] =)/|:/_);e)’.;dy+c]
:y(/—eydy+C>=y(—ey+C) = x=Cy—ye’

Problem 2.64

Solve y' =1+3ytanx

y —3tanx-y=1, P(x)=—3tanx, Q(x) =1 % Linear first-order

/P(x)dx = —3/tanxdx =3 1n|cosx|, efp(x)dx = edInleosxl _ o63x
/Q(x)efp(x)dxdx = /1- cos’xdx = /(l—sinzx) d(sinx) = sinx—%sin3x
y= e‘ﬁ’(")d"[f()(x)efp(")d"dx +c|=

Problem 2.65

. 1 .3
o (smx— 3 sin x+C)

Solve (14 cosx)y’ = sinx (sinx + sinx cosx — y)
dy N sin x . 2 P) sin x Q) . 2
_Z — .y = sin“x, X)) = ——, X) =S x
dx 14 cosx 4 14 cosx
i d(
/P(x)dx = /&dx = —/M = —ln|1—|—cosx
1+ cosx 1+ cosx
efP(x)dx _ e—ln|1+cosx| _ 1 i e—fP(x)dx — 1+ cosx
1+ cosx
) 2
/Q(x)efpmdxdx _ /ﬂdx _ /ﬂdx
1+ cosx 1+ cosx

= /(l—cosx)dx =x—sinx
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—(p P .
y=e f (x)dx[/Q(x) ef (x)dxdx + C] = (14 cosx)(x—sinx+C)

Problem 2.66

Solve y' = (sin’x — y) cosx
Let . 5 du 5 i dy dy 5 i du
et u=sin“x—y = — =2sinxcosx—— = —— =2sinxcosx——
4 dx dx dx dx
. du du .
2sinxcoSX — — = U COSX == —— + COSX-uU = 2sinx cosx
dx dx

P(x) = cosx, Q(x)=2sinxcosx, /P(x) dx = /cosxdx =sinx
/Q(x) efp(x)dxdx = /2 sin x cos x e *dx = Z/Sinxesmxd(sin x)
= Z/tetdt =2¢' (t—1) = 2e™*(sinx—1), =sinx
u= e_fP(x)dx[/Q(x) efp(x)dxdx—l-C] =e Sin"[ZeSinx(sinx—l) + C]

—sinx

- sin’x —y=2(sinx—1) 4 Ce

Alternatively,

y' 4 cosx-y =cosxsin’x 2% Linear first-order
P(x) = cosx, Q(x) = cosxsin’x, /P(x) dx = fcosxdx =sinx
/Q(x) efp(x)dx dx = /cosxsinzx e ¥dyx = /sinzx e * d(sin x)

= /tzetdt =e (P —2t+2) = eSinx(sinzx—Z sinx—|—2), t =sinx
5= e—fP(x)dx [/Q(x)efP(x)dxdx+ C]

= e*Sinx[eSinx(sinzx—ZSinx—i-Z) + C] — sin?x — 2sinx + 2 + Ce ™ Sin*

Problem 2.67

Solve xy' —ny—x

n+2eX — 0, n= constant

n n
y—-—=y= x"tle*, P(x) = ——, Q(x) =x"T'e* 2% Linear first-order
x x

/P(x)dx = f—ﬁ dx = —nln|x|, efp(x)dx — e ninlxl _ y-n
x
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fQ(x)efP(x)dxdx = /x”+1ex-x_”dx = /xexdx =e"(x—1)
Ly = e—fP(x)dx[/Q(x)efP(x)dxdx+ C] _ x"[ex(x—l) +C]

Problem 2.68

d
Solve (14+x) d—i —y= x(1+x)?

DL x4n, P@ =\ QW =x(14%)
dx 1+4x - * V= 1+x’ 0= *

1
/P(x)dx = —/ 5=

[auel e a = [xaen. L de= [rax=te

14+x

dx = —In|[1+x|, efp(x)dx e L

14+x

y= e_fP(x)dx[/Q(x)efP(x)dxdx+ C] _ (1+x)(%x2+C)

Problem 2.69

Solve (1+y)dx + [x—y(1+y)*]dy =0

dx

1
& Ty A PO = Q) =y

1
/P(y)dy B /md)’ =In|1+y], /Py _ oty _ 1+y

/Q(y) POy = /y(1+y)2dy =37+ 37+
D e POy JPiydy ol 14 25,10
S e [ [ awe dy+¢| = Ty (@' 37+ 27+ 0)

Problem 2.70

d
Consider the first-order differential equation d_y = ax)F(y) + B(x) G(y).
X

/ _ /
If CWNEG) = GOER) = a = constant, then the transformation u = v
F(y) E(y)

reduces the differential equation to a first-order linear differential equation. Show
that the general solution of the differential equation is given by

% = exp[afﬁ(x)dx]{afoz(x) exp[—a[ﬁ(x)dx] dx + C}




32 CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

_6y _ du _ GWEY) -GWF () dy
~ F(y) dx F2(y) dx
_ 1 . G (»F(y) — GOF' () dy a dy
F(y) F(y) “dx  F(y) dx
d_)’ EQy) du EQy) du
Ep P a(x)F(y) + B(x)G(y)
d—z —aa(x) +afX)u 2 Gx) = F(x)u
% —aB(X)u=au(x) /259 Linear first-order

P(x) = —aB(x), Q) =au(x), u= efP(x)dx[/Q(x) efp(x)dxdx + C]

—;;((;)) =u= e“fﬁ(x)dx[a/oz(x) e_“f’s(x)dxdx + C]

Problem 2.71

The Riccati equation is given by y’ = a(x)y* + B(x)y + v (x).

1. If one solution of this equation, say y, (x), is known, then the general solution

can be found by using the transformation y =y, + 1 > Where u is a new
dependent variable. Show that u is given by

e—fP(x)dxdx[/Q(x)efp(x)dxdxdx+C]’

where P(x) =2a(x)y,(x)+B(x) and Q(x) = —a(x).
2. For the differential equation y’ + y* = 1 + x?, first guess a solution y, (x)
and then use the result of Part 1 to find the general solution y(x).

1. If y1(x) isa solution, y; = a(x)yf +BX)y, +yx) = y=y+ %
1 1\2 1
= =a@(n+o) ﬂ(x)(y1+—> +r@
=a(x)y; + 2a(x)y1 +Ol(x)— +Bx)y + ﬂ(x)— +yx)

1

- —zu = 2a(x)y1 + Oé(x)— + ﬁ(x)—

u 4 [2a(x)y1 —i—,B(x)] ‘u = —a(x), /29 Linear first-order
P(x) =2a(x)y,(x) + B(x), Qx) = —a(x)

e—fP(x)dx[/Q(x)efP(x)dxdx+C:|
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2. Y4y =14x = y =y +(1+x)

y; = xisasolution, a(x)=-1, B(x) =0, y(x) =1 + x2

P(x) =2a(x)y; + B(x) =2(-Dx+0=—-2x, Qx)=—a(x)=1

/P(x)dx = /—Zxdx = —x?

u= e_fp(x)dx [fQ(x) efp(x)dx dx + C] = ex2</e_x2dx + C)

_x2

1 e
.y—yl—l-; =>y_x—|—f

e **dx + C
Problem 2.72

Solve 3xy’ —3xy*lnx —y =0

1
)’/—a-y=lnx-y4 /29 Bernoulli DE

Casel. y =0 isasolution.

Case2. y#£0 VRN S B
ase 2. — ' . —lnx
g » Ty
1 du 3 dy 1 du 1
Let u= 5 = —=-—F—" = — - ———u=lnx
y dx yt dx 3 dx 3x

d 1 1
- au 4+ —-u=—-3Inx, P(x) = —, Q(x) = —3Inx /2% Linear first-order
dx «x x

1
/P(x)dx:/—dlenx, efp(x)dx:elnx:x
X
:_7<x Inx — /x ‘;dx) :—7(x Inx — 7x)

1

LU= e_fp(x)dx[/Q(x)efp(x)dxdx+ C] = — [—%xz(lnx— )+ C]

D=

X

1
3

3 C
" =—7x2hnx-1)+ —
y x

Problem 2.73
d 4 3,2
Solve & = X
dx xty+2

Note that x is regarded as the independent variable and y the dependent variable.
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Casel. y =0 isasolution.

d 4y 42
Case2. y#0 — & Xtz
dy 4x3y
d 1 1 1 d 1 2
Z o x= : 4x3_x — —.x*="= 2% Bernoulli DE
dy 4y 2y? x3 dy y »?
4 du 5 dx du 1 2
let u=%x* —m — =4x°— — — - —u=—
dy dy dy y y
1 2 1
: = Lay=ly
1 2 1 1
efp(y)dy =e Iyl = — /Q()’)ejp(y)dyd)’ = /_2'_(1)’: 2
y Yoy y

Cu= e_fp(x)dx[/Q(y)efp(y)dydy+ c| =y<—yi2 +C)

= _Lig
' y

Problem 2.74

Solve y(6y* —x — 1)dx +2xdy =0

d 1 3
d_i/ _ x;; y=— y3 /29 Bernoulli DE
Casel. y =0 isasolution.
1 d 1 1 3
Case2. y#0 — _3_)/ _x+l 1 - _ -
y3 dx 2x  y? x
1 du 2 dy
Let u= —, — =——-.2
< y? dx y3 dx
d 1 6 1 6
. el + X+ =—, P = i, Q(x) = — /%9 Linear first-order
dx x x x x

1
/P(x)dx = /<1+;> dx =x+ ln‘x|, efp(x)dx = ¥ tInlxl _ y ¥

6
/Q(X) efp(x)dxdx = /—-xexdx = /6exdx = 6¢"

X

Cue efP(x)dx[fQ(x)efP(x)dxdx+C] _ §(6ex+c)

11 .
y X
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Problem 2.75

Solve 1+ +y)—y=0

1
) —y* % Bernoulli DE

Casel. y =0 isasolution.

y' -

1 1 1
Case2. y#0 — —y — -— =—1 % Bernoulli DE
»? 1+x y
Let 1 du 1 du
et = — — — = —— .
y dx y? dx
d 1 1
d—i} T x ‘u=1, P(x) = m, Q(x) =1 /5 Linear first-order
1
/P(x)dx = / dx = ln|1+x|, efp(x)dx — elnll+xl — 1 4
14+x

/Q(x)e‘fp(x)dxdxz /1-(1+x)dx=x+%x2
= e_fP(x)dx[fQ(x)efP(x)dxdx+ c]- L (e = %

14+x
Problem 2.76

Solve xyy' +y* —sinx =0

. ] ] .
y+—y= Y L yy' + —yt = "% 2% Bernoulli DE
x oy x
Let y’=u = 2yy' =u
2 2si 2 2si
U+ = u= smx’ P(x) = —, Qx) = X /29 Linear first-order
x x x

2
fP(x)dx = /—dx = 21n|x|, efp(x)dx — 2lnlxl — 42
X

_ 1 2 si
u=e fP(x)dx[fQ(X)efP(x)dxdx+ C] = —<f Smxxzdx—i-C)
X

x2

1 . 1 .
= —2</2x sin xdx + C) = —[2(sinx—xcosx) + C]
x x

. x*y* = 2sinx — 2xcosx 4+ C

Problem 2.77

Solve Q2x’—yHdx +xy°dy =0

1
Py 4263~y =0 = iy — ;y‘l — —2y3 /290 Bernoulli DE
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u dy
Let u=y* = — =4y°—=
SE=y dx ar
d 4 4
A —8x%, P(x) = ——, Q(x) =—8x> 2% Linear first-order
dx «x X

4 1
[Podr= [~2ax=—amfal, efFs = et -
X

!
1 1 8
/Q(x)efp(x)dxdx=f—8x2-—4dx= -8 [ zdx=—
x x x

LU= efp(x)dx[/Q(x)efP(x)dxdx + C] = x4<§ + C)

.yt =8x% + Cxt

Problem 2.78

Solve y' —ytanx +y* cosx = 0

y' —tanx-y = —cosx-y* 2% Bernoulli DE

Casel. y =0 isasolution.

1 1
Case2. y#0 — —Zy/—tanx-yz—cosx
1 d 1 d
Let u=— — =Y
y dx y? dx

du
" ™ +tanx-u = cosx, P(x) =tanx, Q(x) = cosx /% Linear first-order
x
1

/P(x)dx = /tanxdx = —In|cos x|, efP(x)dx _ o—Injcosx| _
COS X

_ 1
u=e fp(x)dx[/Q(x)efP(x)dxdx—l— C] = cosx(/cosx-—dx+C)
cosx

1
. —=cosx(x+C)
y

Problem 2.79

Solve 6)/2dx—x(2x3 +y)dy =0

Casel. y =0 isasolution.
dx 1 1,

Case 2. 0 _—— X = B 1li DE
ase y#0 = i 6y X 3y X £%5 Bernoulli
1
—4 % e Let u=x°> — ﬂ = —336_4E
dy 6y 3y2 dy dy

d 1 1 1 1
Y u=-—, Px)=—, Qx)=—— /249 Linear first-order
y 2y y

Ty
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1 1,
[P(dy 1 1 3 1
Q()’)e d)’: —F'yzd)/z— y zdyzzy 2

1 - 1 2
u= x—3 =¢€ fP()/)d)’[/Q(y) efp(y)dyd)/+ C:| = ﬁ(ﬁ + C)
)

3 F=2+C\/)7 = y—2x3=Cx3ﬁ = (y—2x3)2=Cx6y

Problem 2.80

Solve xy? —yy?+1=0

1
Ly=xy'+ O 9 Clairaut's DE
Y

1
Let y'=p, y=xpt

d d /1
Differentiate with respectto x: p=p+x aPr + — (_>

dx = dx \p?
dp d 1\dp dp 2
Lr (=) E =0 Elx-=)=0
xdx+dp(p2)dx - dx(x p3>
dp 1 .
Case 1. i =0 —= p=C = y=Cx+E /29 General solution
2 1 ) .
Case2. x= F’ y=xp+ ? /% Singular solution
2 % 2 % X % 12 X % 3 .1 2
or p=(3)" —r=x(3) +(5) =2+ (3) =20

Yy = T-Z-x2 = 4)/3=27x2

Problem 2.81

Solve y=xy +y”

Let y'=p = y=xp+p° #%5 Clairaut's DE

d d d d
Differentiate with respect to x: d_i = p+xd—i —|—3p2d—i = (x+3p?) d—i =0

d
Case 1. d_P =0 — p=C — y=Cx+C° #%9 General solution
x

Case2. x+3p>=0 — x=—3p?

y=xp+p = y=(=3p)p+p =-2p
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3 6
3 6 .2 6 x —27p
X = —27 5 = 4 _ — =
=t — =

. 4x’ = —27y* 2% Singular solution

Problem 2.82

Solve x(y?—1) =2y

Let y/=p = x(p*—1)=2p

Si 2 _1-03: . 2 N 2p .
ince p°—1=0 isnotasolution, p“*#1 — x = 71 =g(p)
. . . dx dp
Differentiate with respect to y : o =g +8 i
l 21" =D —p-2p] dp _ P41 dp
(P> —1)2 dy (P>—1? dy
+
Ly = /Zp(2 dp+C=— (1)2 )d(p)—i—C pP=u
u+1 (u—1)+2
A AT
1 2 2
- _/[u—l + (u_l)z]du—l-C: —[ln‘u—l‘ B u—l] +C
2p
X = pz—l’ y:—ln‘Pz —

Problem 2.83

Solve xy' (y' +2) =

Let p=y" = xp(p+2) =y =f(xp)
Differentiate with respect to x:

dy _ _ dp
2x(p+1)—+p(p+l):0 — (p+l)<2x—dp +p> =
dx dx

Casel. p+1=0 = p=—-1 = y=xp(p+2)=—

d
Case2. 2x d_p =—p /25 Variable separable
x

- /%dp:—/%dx—i—C = 21n|p|:—ln|x|+21n|C|
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Z_C_2:> _ii
== p= Jx
c*  2C
Lo 2 Y O T 2
..y_x(p+2p)_x(xiﬁ) +£2C/x+C

/49 Since C is an arbitrary constant, the general solution can be written as

y =2Cx+ C?

Problem 2.84

Solve  x=y'\/y?+1

Let y'=p = x=pJ/p*+1=¢(yp)

. . . dp dp
Differentiate with respectto y: — =g, +g,—
dy < °Pdy

1 d
— = (, /p*+1+ p- P > d—p /259 Variable separable

p Vpr+1/ dy
p2
dy = 241+ d
y ( p T2+1>P p
. § 2 (p*+1) -1 2
LY = 2/[ p +1+—p2+1 ]d(p +1)+C

)d(p2+l) e

e
2 PPl
1[, D7 (D)2
2 3 - 1

] +C= 3PP+ — (pP+D)? +C

2 2

L x=pyprrl, y=1/p 1P -+ C

Solve 2y2(y—xy') =1

Let y'=p = 2p*(y —xp) =1

1
©p#FO = y=xp+ﬁ=f(x,p)

Differentiate with respectto x:  —= = f, + f,—

p=p+(x—%)a — (x—%)j—i:o
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1 1 1
Case 1. x=F == y:xp+F:F.p+_2p2 = 2
1 27 1 8
p 8p P 27

. 8y =27x* 2% Singular solution

Case 2. d—:O = p=C

1 1
L y=xp+———=Cx+ — /29 General solution

2p? 2C?
Problem 2.86

Solve y=2xy +y*y"

Let y'=p =— y =2xp+y*p’
Casel. p=0 — y=0

2.3 2.2
_y—Jyr _y yp _
Case 2. p;é0=>x_—2p __2p 5 =g(y, p)
Differentiate with tt — dx + dp
1 renti 1 T _— = _
ere ate w espec 0)/ dy gy de
1_1 o,y 2\
p 2p yp+( 2p? yp)dy

. 1 d
Multiplyby 2p% -2 +yp"-2p" = = + 25°p") f

dp dp

3 39P _ 3 apy _

Pa+2p) 4314299 g0 =0 = (142p)(p+rg ) =0
5 s__ 1 _ (LY

Case2.1 1+2yp"=0 = p’ = 2y — p= (2)/)

ey =) ]2 5)

3 1\% 27y3 1
—y=—2x(—)3 — Y 8 — 27t 32 =0
2 2y 8 2y

dp /‘dy /dp
Case 2.2 +y—=0 = —~dy=—| —dp+C
p ydy y y » p

: ln| |——ln|p|—|—C=> _E or p—E
Y 7= y
C
Y

C 3
y=2xp+y*p’ =2x7+y2(—> — y=2Cx+C°



CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS 41

Problem 2.87

Solve Y24yt =xyy

Let y'=p = p’+y*=xyp

Casel. p=0 — y=0

Pty
yp

2
Case2. p#0and y #0 = x = =p—+%=g(y,1))
Y

dx dp
Differentiate with respectto y: — =g, +

L_ (P 1y, (2 y\dp
p_< y2+p>+(y pz)dy
Multiply y2p2: —p4 + (2)/1:)3 —y3) 3—5 =0

L Qyp’—yHdp—p'dy=0, M=2yp’—y’, N=-p

%:21)3_3),2’ ﬂ:_4p3

dy ap

1 ON oM 1 3

Lol _ (—4p® —2p° +3)%) = — =
<8p ay) yQ2p*—y?) R y

3 _ 1
wn(y) =exp</—;d)’) = e 3yl = 7

3 4

. P P
Multiply the DEby u(y) = (2~ —1)dp — —dy =0
ply y my <y2 ) P Y
3 4 4
p — p—dy— ldp—O:>P——p C
2y?
\\ / Fer
fdp dy —p

General solution:  p°> + y* = xyp, e p=C
Y

Problem 2.88

Solve 2xy' —y=y'In(yy’)

Let y'=p = 2xp—y = pln(yp)
pln(yp) +y

_1 Y o_
2p =5 In(yp)+— =20, p)

o pFO = x = 2P



42 CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

d
Differentiate with respect to y : o =% +8 ﬁ
1 11 1 11 y \dp
p_zyp'P+2p+<2yp' 2p2)dy
1 1 1 y\dp 1 1dp
=t (oL = e+ ) =
p oy (P Pz)d)’ (y pdy)

pln(yp) +y _ yln(y*) +y

Casel. p=y — x= 2p 2y

= 2x=21n‘y‘+1

1 1 d
Case2. —+ —- L _y /259 Variable separable
y o pdy

1 1 C
—d :—f—d +C = In|p|=-Injy|+In|C| = p=—, C>0
fp p=—| & [pl =~y +In|C| = p=—

2

~x=gIn(y§)+ g =3hC+ - — y'=20x-ChC.
y

y) T 2C
Problem 2.89

Solve y=xy —x%y"

Let y'=p = y=xp—x*p> =f(x, p)
. . . dy dy
Differentiate with respect to x : i fe+fp i
d
p=p-— 2xp3 + (x—3x2p2)-—y
dx
Dividebyx: —2p>dx+ (1—3xp?)dp =0

M=—2p", N=1-3xp>, M _ gp N _ 5p
- P) - P’ ap - P’ ox - p
Casel. p=0=— y=0
Case2. p#0
1 (0N oMy 1 2 a3 .
M<g—¥)_ —2P3(_3P +6p°) = 5 /#Z49 A function of p only

_ 3 dp) = e dmmipl |3
n(p) = eXP(/ 27 dP) =e 2 =[p| 2,
Multiply the DEby ju(p):  —2p7dx+ (p~7 —3xp2)dp =0

—2p7dx  — 3pixdp + p2dp=0

N )

fdx —2p2x 3 _ZP_%
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L —2pix—2p T =C = —2p T(p*x+1)=C
General solution:  xp?> = C,/|p| -1, y=xp—x*p’

Problem 2.90

43

Solve y(y —2xy")> =y

Let y'=p = y(y —2xp)’ = p?
Casel. p=0 — y=0

Case2. p#0 (y#0): x=2_2 _ ) Lt e p)
' e 2p 2p 2 ’
Differentiate with tto y: + dp
1rrerentiate with respectto y: d g)’ pdy
1 /1 _ y 1 4 1\ dp
P <2p+6p R4 3)+( 2p2+6p R4 3> dy
11 1 4 y 1 _a 1y dp
2 el 3+< 27 el 3) dy
e N AP AR N 2
2<p2 3P 3)+2<p2 3 3)dy_o
1,1 1 4 4 p
Hr=3r )y gy) =0
Case 2.1 %—%pgyA;:O = 3y%=p% = p=:|:3%)/2
p +32y2

1
Square both sides: x? = — 27x%y* =1
27y

d
Case 2.2 + L =0 29 Varibale separable
pt+y dy p

1 1 C
—d =—f—d +C = Inlp|=—In|ly|+In|C| = p=—
/p P Y i lijc] = p=-
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y? 1

. _ 2 _ 3 2

Since y =0 is a special case when C =0, the solutions are

Y =2Cx+C%h  27xHr =1
Problem 2.91
Solve y+xy =4y

Let y'=p — y=—xp+4/p=f(x,p), p>0

d d
Differentiate with respect to x: d_ic/ =fit+/f d_;)/

. p=—p+(—x+i)d—P = 2p£=—x+i
J/p/ dx dp JP
Casel. p=0 — y=0
Case 2. E + L-x = p_%, P(p)=i
dp  2p

2 Q(p)= p_% /29 Linear first-order

[
p 2
/Q(p) el PP dgp /pi pidp= /Pldp —Inp

xS / Qpy e Pap 1 ] = % (Inp+C)

1
wx=-—=(Inp+C), y=-xp+4/p=/p-Inp-0)

VP
Solve 2xy’ —y =Iny’,

y'>0

Let y'=p = y=2xp—Inp=f(x,p)
Differentiate with respect to x: d_y = z ﬁd_p
dx ox dp dx
1\dp dx 1
Lp=2 2x—— ) — — +2x——=0
p=2p (2xm ) qr = pg 2

dx 2
P#FO = —+ —x=

1 2 1
—, P(p)=—, Q(p)=— 45D Linear first-order
dpp p TP P ER

/P(P)dpz f%dPZZIHPa efP(P)dP :eZlnp :p2
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/Q(p) efp(p)dpdp = /#.pzdp =p
. —JP(dp / JP(pydp _L _l £
Sox=e [ Q(p)e dp+C]—p2(p+C)_p+p2
1 C C

General soluti L. e z(1+c) Inp
€neral sofution: X = — — Y= — ] —1n
P P

P2
Problem 2.93

Solve y" = 2)/)/3

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variableis u =y’ = d_z == y'= d—z = d_;d_ic/ :u-d—;
) du B 3 du 2\
. u.a_Zyu = u(a—Zyu>—0

Case 1 0 dy 0 — C
.o ou=0 = =
dx Y

d
Case 2. d_u —2yu? =0 2% Variable separable
”

/ld /2d+c L _y4c
—adu = _ —_-—— = = U = —
" ydy = 7ic

d 1
" d_ic/ = yic /2% Variable separable
1
/(y2+C1)dy=—/dx+C2 — §y3—i-C1y=—x+C2
. x+%y3+C1y:C2 or 3x—|—y3—|—C1y:C2

Problem 2.94

Solve )’)’// — y/z _y/3

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variableis u =y’ = d—i = y’= d—z = ﬁ . d_ic/ =u- é
du s 3 .
Ly u—=u"—u /2% Variable separable
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d
y_0=>y C

Case2. u#0 — / 5 =/ + C;
u—u

/<;+E)du =In[y|+C, = Infu| ~In[1—u| =In|y[+C,

Casel. u=0 —

u u Cy
ln‘ ‘:ln‘Clﬂ — —— =C)y =— u=—"—
1—u 1—u 1+C,y
d C
Do =Y 4 Variable separable
dx 1+Cyy
/<_y+1 dy = /dx+C2:> —ln|y|+y—x+C2
¢
General solutions: y = C, ? In|y|+y=x+C,
1
Problem 2.95
Solve xy" = (1—-x)y"
The DE is of the type y’ absent. Let y"=u, y"” =u'.
d 1 1
x—u =(1—-x)u = /— du = f(— — l) dx + C £ Variable separable
dx X
In|u| =In|x| —x+ C = Inu| =In|Cixe™| = u=Cxe™*
& - iately integrabl
o C,xe #Z9 Immediately integrable
d_y =C /xe_xdx—i— C,=—-Cie *(x+1)+C
dx 1 2= 4 2

y=-C (/xe_xdx —I—/e_xdx) +Cx+ Gy

=—C[-e*(x+1) —e *]+ Cx + C;
Yy =C(x+2)e "+ Cx+ G5

Problem 2.96

Solve y" =€y

The DE is of the type y absent. Let u=y’, u'=y".
du )

X

Pt /259 Variable separable
x

Casel. u=0 = y'=0 = y=C isasolution
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1 X 1 X

Case2. u#0 —= [—Sdu= [e'dx+(C = ——=¢€ +(
u u

dy 1
L =U=—
dx X+ C;

/2% Variable separable

e 1 1
= | ———dx+C = — [ ————d+Ce ) +C
Y /1+C1e—x ¥ G C1/1+Cle—x (+Ge ) +6

1 _
= C—lln|1+C1e *1+ G

Problem 2.97

Solve yy"+y*=0

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variable is u =y’ = d—z == y/ = d—z = d_;l . d_z =u- d_;l

uﬂ+u2—0 - u( ﬂ—i—u)—o

Casel. u=0 — —y=0 — y=C

dx
du .
Case 2. y@ = —u /%9 Variable separable

1 1 ol
—du= [-—dy+C = Inju|=—In|y|+I|C| = u=—"
u J J

d C

S A /2% Variable separable
dx y

/ydy:/cldx—l—C2 — %)}2=C1x—i-C2
Alternatively,
N/ / dy
Oy)y=0=yy =06 —y =G
/ydy:/cldx+C2 = %yZ:CIx—i-CZ

Problem 2.98

Solve 1+y?=2yy"

The DE is of the type x absent. Let y be the new independent variable.
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d d du d d
The new dependent variable is u =y’ = d_i = y' = dz = é d—i u- d;
du
L 14ut =2y ud— /259 Variable separable
1
y#0 — / duz/—dy—i-C — ln(l-i—uz)zln‘y‘-i-c1

1+u*=Cy — u= ==+,/Cy— /29 Variable separable

1
ﬂ:/—dyz dx+C, — :I:—,/Cly—lzx—i-C2
VG-l c

1

" 4(Cly—1) = Gl (x+C,)*

Problem 2.99

Solve xy" =y'(Iny’ —Inx)

The DE is of the type y absent. Let u=y’, u'=y".

u._ u
xu' =u(lnu—Inx) = u'=—In— #9 Homogeneous DE
X x
u du dv
V= — = U=XV = — =Vv4+x—
x dx dx

d d
v+ x & vlny = xav =v(lnv-1) /29 Variable separable

Casel. Inv—1=0 = v=¢ = u=vx=ex

dy 1 2
u=a=ex = y=jex +C

Case2. Inv—1#0

/V(lnv 1) / dx+C = /(l d(an—l):lnx+C1

1n|lnv—1| =In(C;x) =— Ihv-1=Cx — v= 2 Sotas
x
d
U= d—y = xelxt! 29 Immediately integrable
x

C,x—1 1
LYy = C/Xec1xdx—|- C2 —e lc eclx +C2 — E(Clx—l)eclx—‘rl +C2

2
Problem 2.100

1 1
Solve 3yy'y" =y 4+1=0




CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS 49

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variable is u =y’ = d—z == y/ = dz d; dﬁ u- ﬁ
du 3 .
" 3y-u-ua =u =1 /%9 Variable separable
Case 1 u3—1=0=>u=d—y=1=>y=x
’ dx

Case2. u’—1#£0

2
" /3u du f——i—Cl — In|t’ —1| = In|y| + In|C|]

d
Lw—1=Cy — d—y =u= (Cly—i-l)% /2% Variable separable
x

1
1

1 3 2 2
. ?.E(Cly_H)? =x+C, = 3(Ciy+1)3 -2C;x=C,
1

Problem 2.101

Solve y'—y?*—1=0

The DE is of the type y absent. Let u=y’, u'=y" = u'—u?>—1=0.

du
= =u’+1 /2% Variable separable

du _1
dx+C, =— tan  u=x+4+C;, — u=tan(x+C))

" dy tan(x + C;) 29 Immediately integrable
x

Problem 2.102

Solve Sy —xty =3 —x?

The DE is of the type y absent. Let u=y’, u'=y" = x*u'—x*u=3—x>

1 3—x2 1 3—x2
U ——u="", Px)=——, Qx) = /29 Linear first-order
x x3 x x3

/P(x)dx = f—ldx = —lnix ,
X

efP(x)dx — e—lnlxl —

® |



50 CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

—x2 1
/Q(x) efP(X)dx dx = /3 3x -—dx = /(3x_4 — x_z)dx = x4 x7!
x X

Y e—fP(x)dx[/Q(x)efp(x)dxdx+ C] — x(—x4x 140

/

= —x?+1+Cx= y #29 Immediately integrable

1
Integrate: y=x_1+x+%Cx2+D = y=;+C1x2+x+C2

Problem 2.103

Solve 2y" = y"sin2x, y(0) =1, y'(0) =1

d
The DE is of the type y absent. Let u=y’, u'=y" = 2d—u = u®sin2x
x

2 . 1 1
—du= [sin2xdx+C = —— = ——cos2x+C
u3 u? 2
’ . 1 1
x=0, y'=u=1: —1=—5+C=>C=—§
1 1+ cos2x
. ——2———=—coszx = u==4
u 2 COS X

1

Again, since x=0, u=1 — u=
CcOoS X

d
. d_y = secx 29 Immediately integrable
X

y= /secxdx—{— C, = In|secx+ tanx| + C,
x=0, y=1: 1=In|[14+0|+C = C, =1

Ly=1 —|—ln|secx+tanx

Problem 2.104

&’y dy
Sol — =2- =
olve X33 dx
. / / 1 du
The DE is of the type y absent. Let u=y’, u'=y" = X =2—u
x

Casel. u=2 — y'=2 — y=2x+(,
Case2. u#2. The differential equation is variable separable.

d
X d_u =2—u /9 Variable separable
x



CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS 51

/ du =/—d—x+C = ln‘u—2|=—ln|x]+ln|Cl‘=ln‘&|
u—2 x x

¢ _LYv_G

Lu—2= 71 ix . +2 #Z%9 Immediately integrable

C
y=/(71+2)dx+Cz=Clln\x|+2x+Cz

/9 Case 1 is included in Case 2 for C; =0.

Problem 2.105

Solve y' =3y, y(0)=1, y(0)=2

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variableis u =y’ = d—i = y' = d—z = ﬁ . d_ic/ =u- %
du 1 ]
u _dy =3y2 /2% Variable separable

/udu=3/yédy+C1 = %uz=2y%+c1

x=0, y=1, y ' =u=2: %-22=2-1—|—C1 — C,=0

d
T :4);% = u= d_y = :I:Zy% /259 Variable separable
X
/y_?ldyzzl:Z/dx—i—C2 = 4)/% =32x+C,
x=0,y=1: 4.1=42-0+C, = C, =4
1 x A\
LAyt =E2x4+4 — y = (:i:;—i—l)

Problem 2.106

Solve x—=—+xsin<—-—
x

d
The DE is of the type y absent. Let u=y’, u'=y" — xd—u = u + xsin (E>
x x
du u L o/u
X + sin (—) /9 Homogeneous DE
x X x

u du dv
Let v=e— = u=xy — — =v+x—
X

dx dx



52 CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

d d
v+x Yy +siny = x < —siny 2% Varibale separable

dx dx
Casel. sinv #0

dx

dv _ C 1 v =1 1 C V_C
/ _/7+ - n|tan5‘_ n|x‘+ n| 1‘ - tanz— 1%

sinv

1d 1 d
Vv = 2tan_1(C1x), v = 129 = —-d—y = 2tan_1(C1x)
x x dx

x dx

y= fo tan_l(Clx) dx+C, = /tan_l(Clx) d(x?) + C,

= x*tan ' (C;x) — /xz%clfxzdx +C,
= x*tan” 1(C, x) — Cilfdx—l— Cif 1+Cﬁdx—l-C2
= Ptan"1(Cx) — = + = tan~1(Cyx) + G,
C1 Cl
Ly = (x2+i2) tan"1(C,x) — — +C,
Cl Cl
Case2. sinv=0 = v=km, k=0, £1, £2,... = %-%:kn

',y=knfxdx+C=%knx2+C, k=0, +£1, £2, ...

Problem 2.107

Solve yy" =y —y'siny — yy'cosy)

The DE is of the type x absent. Let y be the new independent variable.

., dy , du  du dy
The new dependent variableis u =y’ = ) T D de
Y
du 5 .
. y-u@=u (1—usiny—yucosy)

Casel. u=0 = y'=0 = y=C

d
Case2. uNeq0 — yd—u:u(l—usiny—yucosy)
Y

du 1 i
qu 1 _ SIMYHYCOsy 2 o4 Bernoulli DE

Ay oy y
1 du 1 1 siny-+ycosy

?dy y u y

du
u-_
dy
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1 dv 1 du
Let v=— =— — = —
u

dy F@

dv 1 siny+y cosy 1
L —t—v=—"—"""2, P())=—, Q(y) =
dy vy y Y

1
fP(y)dy = /;dy = In|y|, efP(y)dy = eyl =

/Q(y)efP()')dydy: /w.ydy: /(Siny+ycosy)dy
y

= —cosy+ (ysiny 4+ cosy) = ysiny

siny+y cosy

_ 1 C
Cy=e fP(y)dy[/Q(y)efP(y)dydy+ C] — _(ysiny+C) — siny—l— —_
Y Yy

1 d C
v=— =" —sn y+ — #Z49 Immediately integrable
u dy y

/dx=/<5in)’+%)dy+cz — x=—cosy +C;In|y| + G,

Problem 2.108

Solve vy +xy =x

The DE is of the type y absent. Let u=y’, u'=y":
W +xu=x, Px)=x Q) =x /249 Linear first-order

/P(x)dx = /xdx = 2«
/Q(x)ejp(x)dxdx = /xeixz dx = /eéxzd(%xz) — o2¥
u= e_fp(x)dx[/Q(x)efP(x)dx dx + C] — e 2 (e%"2 +C) = 1+Ce 2%

d
d—y zl—i—Cle_%"2 — y=x—i—C1/e_;x2dx—|—C2
x

Problem 2.109

Solve xy" =y —y' =0

The DE is of the type y absent. Let u=y’, u'=y":

1 1
Su=0 — v ——u=—1
x x

oxu —u 29 Bernoulli DE

Casel. u=0 = y'=0 = y=C

1, 11 1
Case2. u#0 — —u' —— — =—
u3 x ur  x



54 CHAPTER 2. FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

Let 1 dv 2 du dv+2 2
et V= —, — = — Ty =
w2’ dx ud dx dx «x x

2 2 2
P(x)=—, Qx)=——, /P(x)dx:/—dx = 2In|x|, efp(x)dx — e2Inlx| _ 2
X x X

L= e—fP(x)dx[/Q(x)efP(x)dxdx+C] _ i[/—;xzdx+c]

2
= x_lz (—x*+0)
% _ Clx—zx2 oy % — iﬁ 29 Immediately integrable
y:ifﬁdx—i—@:im—l—cz

(-G =C —x* = >+ (y—C)* =

Problem 2.110

Solve y(1—Iny)y”" + 1+ 111}’))’/2 =0

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variable is u =y’ = d—z = y/ = d—z = d_;l . d_z =u- d_;l

(1—1In )ug—i—(l—l—ln Yul=0 — u[ (1—1In )ﬂ—{—(l—i—ln )u]—O
y y dy y)u = y y dy y)u|=

Casel. u=0 — —y=0 = y=C

dx

d
Case2. u#0 — y(1—Iny) d_u =—(+Iny)u 2% Variable separable
Y

du 1+Iny
—=— ————dd
u /y(l—lny) (Iny) +Cy

1+1In
ln‘u{ = —/ 1—ln; d(Iny) + C), z=Iny

142z 2
= —/l_zdz—i—CO = f(l—i—:)dz—i—Co =z+21n‘z—1‘ + G,

=Iny + ln{ lny—l‘2 + ln|C1‘ = ln‘Cly(lny—l)z}

d
u= d—y = Cyy(ny—1)> 2% Variable separable
x
dy d(lny—1)
———=C, [d C, = | ———-5=C C
/y(lny—l)2 1/ * G (Iny—1)2 G
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1
Iny—1

Problem 2.111

=Cx+C, or (Cix+C)(ny—-1)+1=0

Solve xy*(xy +y) =1

d
xzyzd—i} +xyP=1 = (xy°—1)dx+x**dy=0
— ——
M N
oM ON 1 0M 9N\  3xy*—2xy’
_=3x)/2, —=2x)/2, —(——_>=u=
dy dx N\ ay dx x2y?
1
nix) = exp(/;dx) =e"* — x
Multiply the DEby u(x):  (x%y®> —x)dx + x*y?dy =0
xy¥dx  +  x%idy —  xdx =0
\ / fdxl/
o
dx §x3y3 W —%xz
§x3y3 %xzzc — 2x3y3 3x2=C

Problem 2.112

1

X

Solve  5y+y?=x(x+y")

Let y'=p = y=+&>+xp—p) =f(x p)

: L dy dp
Differentiat th ttox: ==
ifferentiating with respect to x:  —~ fe+1, ix

&1 Lie_ap 9P _ P
i 5 (2x+p) + 5 (x 2p)dx — 5p=2x+p+(x—2p) ix
dp _ dpy _
2x—4p+(x—2p)a_0 — (x—2p)<2+a)—0
Casel. x—2p=0 :>p=%
1,2 2 1.2 x  x x? 4
=5k +xp—p)=§(x +x'E_Z):T = 4y =x
Case 2 %——2=> =—-2x+C
ase2. o= p=—2x

y = L[+ (—224Cx) + (452 —4Cx+C))] = 1352 —3Cx+CD)
5y =3x*—3Cx +C?
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Problem 2.113
2 -2
Solve y' = S ttan? %
x+1 x+1

Let X=x+1, Y=y+2 — y—2x=(Y—-2)—-2(X—-1) =Y-2X

v _v v
_— = an
dX X Omogeneous
Let Y =X v _ o x
et —=u — = Uu — — =1u -
X ax ax

o x M anw—2) — XY anw—2)
. u dX—u an(u dX—anu

Casel. tan(u—2)=0 = u—2=mnw, n=0, £1, £2, ...

Y y—2x
u—2=—-2= = nmw
X x+1

Case2. u—2#nnm

/cot(u—Z)du:/%dx—l—C = ln‘sin(u—Z){:ln|X’+ln|C{

. sin(u—2) = CX = sin Dl =C(x+1)
x+1

/29 Case 1 is included in Case 2 for C =0.

Problem 2.114

Solve y' e+ +y =0

d
The DE is of the type y absent. Let y'=u, y"=u' = d—u(ex+1) =—u
x

Casel. u=0 = y'=0 = y=C

du dx )
Case2. u#0: / e / T + C /2% Variable separable
—X

dx e 1 . .
_/ e+1 _f e—*+1 dx = fe—x-i-l d(e ™ +1) =1In(e " +1)

d
g ln‘u| =In(e™*+1) +ln|C1‘ — u= d—y =C, (e +1)
x
Sy =C(—e"+x)+C,

Problem 2.115

Solve  xy' =y —xel/*
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y' = Y et Homogeneous DE
x
y dy du
Let u=+ = — -
et u . == y xu=>dx u—l—xdx
d d
U X mu—et = xot = et /259 Variable separable
dx dx
1
—/e”duz /—dx+C — e =ln|x|+ln|C‘
x
e “=In|Cx| = uzlz—ln‘ln|Cx|‘ = y:—xln‘lnlel‘
x

Problem 2.116

Solve (1+ y*sin2x)dx — 2y cos*xdy =0

M =1+y*sin2x, N = —2ycos’x

oM 2y sin? oON 7.3 (= sinx) = 2y sin2
—— =2ysin2x, —— = —2y.-2cosx(—sinx) = 2ysin2x
3y y Ix Y y

oM ON

_—= /27 Exact DE

ay ox

1-dx — 2y cos’xdy + 2y*cosxsinxdx =0

NS

x fdy —p*cos’x ~ L

General solution:  x — y? cos’x = C

Problem 2.117

Solve 2y/xy—y)dx —xdy =0, x>0, y>0

/ d
(2 Y Z) _ Y =0 /9 Homogeneous DE
x X dx

Let dy n du
et Uu=— — = XU — — =1U X —
x ) dx dx
du du
QVu—uw)—u—x—=0 = —x— =2J/u(Ju-1)
dx dx

Casel. u=0 — y=0. Notasolution since y >0.
Case2. u=1 — y=x

dx
2f(f 0 /‘7

ln‘x‘+ln‘C‘ — ln‘\/_ 1|_ln)—‘

Case3. u#0, u#l :>/ +C

du-1) _
CJu-1
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C [y C
. —1=— = —=1=— Jxy—x=0C
#Z9 y=x is included in the general solution ,/xy —x=C for C=0.

Problem 2.118

Solve Y +y?=2e

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variable is u =y’ = d—z = y'= d—z = d—; : d_ic/ =u- d_;
du ) _ )
ud—+u =2e™7 /29 Bernoulli DE
y

d d d
Let v=u? —> —V=2u-—u - ud +2-v=4e7 2% Linear first-order

dy dy dy

PG =2, QU =4e7, / PO)dy = 2y, PO _ 2
/Q(y)efp(y)dydy - /4e_y-e2ydy _ 4/eydy _ 4oy
Cyv=ut = e_fp()’)d)’[/Q(y) efp(}’)d)’dy+ C] — e—2y(4ey+c)

d
" d_y =u= e’ /4e)+C /2% Variable separable
x

rd
Y _ [+dx+C, — 1/47+C = £x+G,

JV4er+C; N

Square both sides: %(4e)’+C1) = (x+C2)2 = e/ +C, = (x+C2)2

Problem 2.119

Solve y =y

Let y'=p = p=e"V — lnP=Q — nglnp=g()’,P), p>0
Y
d d
Differentiate with respect to y: d_; =g, + gpé
11 y ¥\ dp y dp
—=—1 —=1 = )— 1—1 ~.——-1)=0
o= np+( > np—l—PZ)dy — np)(p 5 )
C - _ -7 _ 7 _
asel. Inp=1 = p=e = x==Ilne==- — y=ex

€ €
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d
%- @ 1=0 /249 Variable separable

Case 2.
ase dy

1 1
f;dp=/;dy+c — In|p| =In|y|+In|C| = p=Cy

Y
" x=C—yln|Cy‘ — Cx =1In|Cy|

Problem 2.120

Solve 2x’y* — y)dx + 2x*° —x)dy =0

2x%y* (xdx+ydy) — (ydx + xdy) =0 — x%2d(x*+y*) —d(xy) =0
1
(xy)?

1
2 2\ _ _ 2 2 —
d(x*+y%) dixy) =0 = d(x +y)+d(xy>—0
1
Lty 4+ —=C

Xy
Problem 2.121

Solve (y—1—xy)dx+xdy =0

oM oN
M=y-1-xy, N=x, — =1-x, — =1 29 NotexactDE
3% 0x
1 joM ON 1
—<———) =—[1-x)—-1]=-1 = pux) = e~ Jdx = ¢
N\dy ox x

Multiply the DEby u(x): (ye*—e ™ —xye ™ )dx+xe *dy =0

xe *dy + (ye™*—xye ™ )dx — e *dx =0

. 4 fax,

Jax Txyerx 0 o
General solution: xye ™ +e*=C or xy+1=Ce"

Problem 2.122

Solve xy —y= xtan 2
x

)/—Z: tan 2. Let u=2 —s y=xu = y'=u-+xu’ 29 Homogeneous
X x X
, du
Uu+xu —u=tanu — xd—ztanu
x

Casel. u=0— y=0
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1
Case2. sinu#0 (u#0): = /cotudu:f—dx+c
X

ln‘sinu{ = ln|x{ +1n|C| — sinu=Cx — sin% =Cx

/29 Case 1 is included in Case 2 for C =0.

Problem 2.123

Solve  y'+ RS
x

/ / / u/ y
Let u=xy = u' =xy'+y =y :?_;
(u’ y) Y _ Ldu .
—— =)+ == = —— =e /29 Variable separable
x x x x dx

/e‘”du:/xdx—l—c = —e‘”:%xz—l—c = —e_xyz%x2+C

Problem 2.124

Solve )’}’// —)’}’/ — (y/)z

The DE is of the type x absent. Let y be the new independent variable.

d d du d d
The new dependent variable is u =y’ = d—i = y= d—z = ﬁ . d_ic/ =u- é
d d
y ud—;— u=u’ — u<yd—;—u—y):0
Casel. u=0 = y'=0 = y=C
du 1 1 )
Case2. — ——-u=1, P(y)=-——, Q(y)=1 /29 Linear first-order
dy y

1 1
/P(y)dy = /‘—dy = —Inly|, PO _ -y _ L
y Y
1
/Q(y)efp(y)dydy = /1 : ;dy = In|y|

d _
L d_i . fP(y)dy[/Q(y)efP(y)d,vdy n c] — y(nly| + C)

1 1
—d :fdx+C S /—d(ln +C) =x+C
/ ynp+c;) 2 (nly|+c,) b+ 2

" ln‘ln|y|+C1| =x+C,
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Problem 2.125

61

Solve 2ydx — x[In(x*y) — 1]dy =0

Multiply the DEby x:  (2xydx + x*dy) — x*In(x?y)dy = 0

d(xzy) — x? ln(xzy) dy=0 = d(xzy) —x? dy=0
—— —

In(x2y)
Group 1 Group 2

Groupl. 4, =In(x*), u, =x%

1
Group 2. pu, = F’ u, =y
1 1 1
In(x*y)  ——— = — . = = — =
n(x )’) ln(xzy) ‘xzy x2 y xzy 19
~——— ——— —— ——

Hq & (uy) Ky &(uy)

1 1
Multiply the DE by p=——
x

1
: ————dx?y) — —dy=0
5" 2y inGd) (x“y) y y

d[ln|ln(x2y)|]—d(ln|y|):0 = ln|1n(x2y)| —ln|y|:C —s In(x’y)=Cy

Problem 2.126

1

Sol =
olve y X T Xy
d d
—x=xy—|-x3y3 — —x—y-x=y3-x3 /249 Bernoulli DE
dy dy
dx
-3 4x -2 _ 3
x i y
Let u=x"?% — %——Zx_3 % — %—1—2 u= =293
a dy dy dy THETY

2

P(y) =2y, Q(y) = -2y, / P(y)dy = / 2ydy =y, POV _ o
/Q(y) efp(y)dydy = f—2y3e)’2dy = —/Zy-yzeyzdy

B _/yzeyzd(f) = _/Z"Zdz = - =" (1), z=y’
LU= e_fp(y)dy[fQ(y)efp(y)dydy + C] = e_yz[eyz(l ) + C}

1 2 2
. -1 -y
'x2_1 y +Ce
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Problem 2.127

Solve y' = 2(

2 \2
1)

Point of intersection of two lines
y+2=0
x+y—1=0

dy

Let = X+3, =Y-2, y=—
et x + y y ax

Y 2
. - Y
%:2[(X+g+2ft§)—l]2:Z(X—YFY)ZZZ( . )

ax T 1w T T T (xw?

du u \2 du 2u? u(l+u?)
X— =2 X 77
ut dXx <1+u> —
y+2

x—3
(14u)? dXx

Case 2. 0 — ———du=—| —+D
uz u(l+u2) x

Casel. u=0 —

=0 = y+2=0

14 2u+ u? A Bu+C _ A+ Au2+Bu?+Cu

u(1+u?) =y Ty T u(1+u?)

1 2 dx
A=1, B=0, C=2 = <_+ )du:— — +D
u 1+u? X

ln|u| +2tan"lu = —ln|X| —|—ln|C| — 2tan ‘u = ln‘%
u

2 tan

2
1) + _ ln‘ C
x—3 y+2
#Z9 y+ 2 =0 isincluded in the general solution with C=0.

Problem 2.128

Solve (e* +3y*)dx +2xydy =0

_1y+2)

‘ — y+2=Cexp<—2tan -

M=c 13y, N=2xy, M _s, N,
- y’ - y’ ay - y’ ax - y
1 oM ON 1 2 .
ﬁ(@ - a) = m(6)/ —2y) = = #Z49 A function of x only
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2
nix) = exp(/;dx) = e2lnlxl — 42

Multiply the DEby u(x)=x% (x?*e*+3x%y?)dx +2x’ydy =0

x2e*dx  +3x%ldx 4+ 2x%ydy =0

fdxl \ /

N300
e (x> —2x+2) Jax =y ax

General solution:  e* (x> —2x+2) + x> y2 =C

Problem 2.129

Solve (xy+2x°y)dx + x*dy =0

Method 1. Method of inspection
(xydx+x°dy) +2x°ydx =0 — x(ydx+xdy) +2x*(xy)dx =0
1
—d(xy) +2xdx =0 — d(ln‘xy‘) +dx®H =0
xy

General solution: ln‘x y} +x*=C

Method 2. Integrating factor

3 ) oM 3 ON
M=xy+2x’y, N=x", — =x+2x", — =2x
dy 0x
1 /oM oON 1 3 1
—<— — —) = —(x+2x"—2x) =2x — —
N\ 9y dx x2 x
1 x2 — In|x| 1 x?
wx) = exp( (2x——)dx> =e = —e
X X

Multiply the DE by wu(x): ye’“2 dx + 2x2ye"2 dx + xe* dy=0

xedy  +  (yer +2x%ye¥)dx =0

General solution: xye* =C

Problem 2.130

Solve xy?—2yy +4x=0
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Let y'=p = xp*—2yp+4x=0. Since y’ =p=0 is not a solution, solve for y:

_1 . _Xp 2x _
y—zp(xp +4x) = 5 + ’ = f(x, p)

Differentiate with respect to x:

Y LY S (B 2y (X2

P=ox Top ax T\ ) T T A
_P 2y xp_2)dp AV
( 2+ )+p(2 p)dx_o < 2+p>< P dx) 0
p 2 2
Case 1. —5+;=0=>p—4=0:>p=j:2
_L( 2+4)—il( 44+4x) = £2
y_2p xpdn) =£ x) = £2x
x dp .
Case2. 1— —-— =0 /29 Variable separable
p dx

/%dp:/%dx-i—c — In|p| = In|x| + In|C]|

xp 2x x-Cx 2x C , 2
p:cx:>)/:7+7: = —x" 4+ —

2 T 2¥ e
Problem 2.131

Solve y" =2(y"—1) cotx

n /

The DE is of the type y’ absent. Let y"=u, y"" =u'.

d
d—u =2(u—1)cotx /2% Variable separable
X

Casel. u=1 = y”"=1 29 Immediately integrable
.. )/:_X—f—Cl _— y:%x2+clx+C0

du
u—1

Case2. u#l =>/ =/2cotxdx+C
ln‘u—l‘ =21n}sinx}—|—ln‘C} — u—1= Csin’x
1-— 2 c+2 C
= C% +1= T+ — ?cos 2x #Z%9 Immediately integrable

/—C+2x Csin2x—i—C = _ o2
) 4 ! Y=y

/29 The solution in Case 1 is included in Case 2 with C = 0.

4

2 C
X +§ cos2x+Cix+C,
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Problem 2.132

Solve (y+3x )dx+(x+2x )dy=0

(ydx+xdy) + x*y*3x*dx+2ydy) =0

Casel. y=0 isasolution

Case2. y#0: ﬁd(xy)—i—d(f)—}—d(}’z)zo

1 1
—d(— 3 2y _ 32
d(xy>+d(x)+d(y)—0=> xy+x +y°=C

Problem 2.133

Solve  xy' =y+/x2—y% x>0, |y|<|x|

2
1— Z /29 Homogeneous DE
x
Let u—y=> =Xxu — —u—i—xdu
X ) dx dx

d
u+x d_u =u++v1—u?  Z9Variable separable
x

Casel. 1-u’=0 — u=41 — y= +x

dx
Case2. 1—u? #0 — / —4+C
V11— u2 x

sinlu=lnx+C — sin_llzlnx+C

x
Problem 2.134

Solve 2y (xe® + y sin x cos x) dx + Q2e* +3ysin’x)dy =0

M= 2y(xex2+ysinxcosx), N = Zex2+3ysin2x

oM 2 . N 2 .

— =2x¢* +4ysinxcosx, —— = 4xe* + 6y sinx cosx

dy 0x

1 /ON oM 1

_<—_ ) = > - (2xex2+2ysinxcosx) = —
dx  Jy 2y (xe*” +ysinx cos x)

n(y) = eXP(/%‘U’) =V =y

Multiply by 11(y): (2xy? e + 2y?sinx cosx)dx + (2y e + 3y?sin’x)dy =0
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2ye + 2xy2ex2dx+3y2 sin?xdy  +

dy Z?xcosxdx =0
22 7 2 Jay ~ yisin’x T 2

. 2
General solution: ~ y?e*

Problem 2.135

Solve

+ y3sin’x = C

cosydx +siny(x—sinycosy)dy =0

3 +tany-x = sin’y, P(y)=tany, Q(y)=sin’y 2% Linear first-order
Y

1
/P(y)dy = /tanydy = —In|cosy|, efp(x)dx = ¢~ Inlcosyl —

fP(;V)d)’d / d / —cos )’d
/Q(y)e y = smy cosy y = y

cosy

cosy

= /(secy— cosy)dy = In|secy+ tany| — siny

fp(y)dy[/Q()’) efp(y)dyd)H—C] = cosy (ln!secy—l—tany‘ —siny+C)

Problem 2.136

Solve Y dx 4+ 3x*—2xyH)dy =0

(y’dx —2xy*dy) + 3x*dy=0
——

Group 1 Group 2

Group 1: xy ( dx—;dy) = xy°(dIn|x|— 2dln|y|)_xy3dln’—)

1

_—, V, =
x2 2 Y

m=—m =Sk =

181 (V1) = 1y & (v,) — x—;ﬁgl<ln‘%‘) = i232()’)

1 ,x\-1 1 1 et 1 1
S 57) =wy a=ETh mo)= - =

2 Xy
Casel. y=0 isasolution of the DE.

1 3 2
Case2. y#0. Multiply the DEby p=——: 24 dx+<—— y)dy:O

x2y x?
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2 2 3
~Zdy + Lax+ Sdy=o0
X Y

\\ /3 fdyl

d 2 oy
B By

)’2

Cx
#Z49 y=0 is included in the general solution with C =0.

Problem 2.137

Solve (y' +1)

+3Inly|=C = )’ = Cer’/x

1ny_+x_y_+x
x+3 x+3

Point of intersection of the two lines

x+3=0, y+x=0 = x=-3, y=3.

Let X-3 Y+3 — y/ dv
e X = — 3, = e
Yy Yy dx
(d_Y 1) In (Y+3)+ (X-3) _ (Y+3)+ (X—-3)
dx X-3)+3 = (X-3)+3
dy Y Y
(a —|—1> ln<§ —|—1> = }4—1 /9 Homogeneous
Let u—Z = Y =Xu — d—Y—u-i-Xﬂ
X - ax - ax
du u+1 du 1—In(u+1)
X—+1=— X— = 1) ——
et dX+ In(u+1) — dXx (u+1) In(u+1)
Casel. 1—-In(u+1)=0 = u+l=e = yrx =e
x+3
Case 2. / In(u+1) U= — d—X—i-C
(u+1) [ In(u+1)—1] X
In(u—+1) v
LHS = /md[lﬂ(“‘f’l)] = fv—l dV, V—ll’l(“‘i‘l)
(v—1)+1 1
= /‘?dV— /<1+V_1>dv—v+ln|v—l|
= In(u+1) +ln}ln(u+1)—l‘ = ln!(u+1)[ln(u+1)—1”
C C
" ln‘(u—i—l)[ln(u—i—l)—l” =ln‘§’ - (u+1)[ln(u+1)—1] =5

C
YY1y

In(u+1) =1+ ——— 1 _
nurh=1+nx = s Xty
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y+x
x+3

Problem 2.138

Solve 25°yy +3x%2 +7=0

=e isincluded in the general solution with C = 0.

3 7 1 , 3., 7

y’—i-g-y:—ﬁ-; = 2yy +;y =3 /9 Bernoulli DE
d d d 3 7
Let u=y? — %:2)/(1—?: — d—z—i—;-u:—x—s /59 Linear first-order

=2, Qo=-1 [Podx= [Zax=3mf
X X X

7

X
u= e‘fp("’d"[fQ(x)efP(")dxdx+ C] - x%(—wwr )

: 2——14—3 — Y’ 4+7x=C
y_ x2 x3 y -

Problem 2.139

— ycosZ Yy =
Solve (x ycosx>dx+xcosxdy_0

1— Y y
y dy x %
COS —#0 =— - = ——= = /9 Homogeneous
x dx cos b
x
Let = & + du
et u = — =XU — —— =1u X—
) dx dx
du 1 .
U+x—=— +u /249 Variable separable
dx cosu

/cosudu:—f%%—c = sinu:—ln|x|+ln|C| — sin%:ln

Problem 2.140

-
X

Solve x*(xdy — ydx) = (x+y) ydx

xdy—ydx x+
yyzy _ (x2 i)zy dx

_ydxy;zxdy = x—i(%—i—l)dx = d(%) = —i<i+1>dx

Divided the DE by x2y?:
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/fl_H d(%—kl):—/x—gdx—l—c — ln‘§+1‘:%+c
Y

Problem 2.141

Solve (y4+xy)dx+(xy3—x2)dy =0

69

(yrdx+xy*dy) + (xydx—x*dy) =0 — y*(ydx+xdy)+x(ydx—xdy)=0
Casel. y=0 isasolution of the differential equation.

dx—xd
Case2. y#0: (ydx—i—xdy)—i—i-wzo
Y y

d(xy)—i—%d(%) =0 — d(xy)+%d(%)2:0 - xy+%(f)2:C

y
Problem 2.142

Solve (x* + 3Iny)dx — idy =0
Y

oM

oN 1
M(x)=X2+3lny, N(x)=—£, - o __ 2
Yy

3
y y ox y

1 ,0M ON 1 /3 1 4 _
E<W_a): _£<;+;>:—; /9 A function of x only
Y

p(x) = eXp[/%(%—%) dx] = exp(—/%dx) = e 4Inx — x_14

1 1 31 1
Multiplying the DEby pu(x) = — = (——i— ny)dx ———dy=0
x

x> xt x3y
1 1 3lny
Fdx - Tydy + x4 dx =0
fdxl \\ /
ad
Jay Iny © 3%

1 1

———hy=C = x* +1Iny = Cx®
X X

Problem 2.143

Solve xy" =y +x
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" /

The DE is of the type y’ absent. Let y"=u, y"" =u'.

Coxd =utx = 0 == +1 /9 Homogeneous DE
X

u du dv

let v=— — Uu=%xv —m — =v+x——
X dx dx
dv dx )

v+ xd— =v+1 = [dv= [ —+C /2% Variable separable
x x

d
v=1n|x{+C = E=ln‘x‘+C = u=—y=x(ln|x|+C)
x dx
y= /x(lnlxl +CPdx+C, = /(ln|x| +C)-3de) + G,

1
= 3| nix -0 _/xz'}dx]”z = 3| nlx+C)— 32 +C,

x2
sy =@l +C)+ G

Problem 2.144

Solve ydx+ (xy—x—y)dy =0

Casel. y=0 isasolution.

Case2. y2£0 — 4 27L 2 piy=22L quy =y
ase2. y - — X =y y)=—"" y)=y
dy =y y

1 JPdy _ _y-tnjy _ 1
P(y)dy:/ 1——)dy=y—In|y|, &V == _¢r
/ (1-5) 5] :
[P(dy ) 1
Q(y)e dy= [y -;eydyz yeldy =e?(y-1)

L ox = e_fp(y)dy[/Q(y)efp(y)dydy+C]

=ye[e?(y-1)+C]=y(y—1)+Cye™”

Problem 2.145

Solve  y+2y*y' = (x+4ylny)y’

ydx+ 2y —x—4ylny)dy =0, M=y, N=2y’—x—4ylny

oM ON

—_— =1 —=-1 /25 Not exact DE

dy 0x

1 /ON oM —1-—1 2 2 _ 1
—(Z=-==) = =-=, wy = eXP<—/—d)’> ==
M\ dx  dy y y y Y

1
Multiply the DEby p(y): —dx+(2y—— — —=)dy=0
y y nly ¥ ( ¥ ) Y
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1 X 4Iny B
;dx — yzd)/ + (Zy—T)dy—O
fdx\:\ x/y //% fdxl

y2 -2 (lny)2

General solution:  — + y>—2(ny)?=C
Y

Problem 2.146

Solve ylnx Inydx+dy =0

1
yInxIlnydx = —dy — /lnxdx= f—l—dy+C /29 Separable
Yy ny

1
xlnx —x = —fl—d(lny)+C — xInx—x=—In|lny|+C
ny

Problem 2.147

Solve (2x4/% 4+ x* +y2)dx +2y/xdy =0

dx+ydy 1
2JE (xdxtydy) + (2 +y)dx =0 —> 255 TYY L L g
X

X4yt Jx
2d[% In(x? +y2)] +d2vx) =0 = In(x*+y*) +2J/x=C

Problem 2.148

Solve [2x + y cos(xy)]dx + x cos(xy)dy = 0

M =2x+ycos(xy), N =xcos(xy)

oM oN
W = cos(xy) —xysin(xy) = ™ /25 Exact DE

2xdx + ycos(xy)dx 4+  xcos(xy)dy =0

fdxj/

2 fdax ~ sin(xy) %

General solution:  x2 + sin(x y)=C

Problem 2.149

Solve yy" =¥y —y? =0

The DE is of the type x absent. Let y be the new independent variable.
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d d du d d
The new dependent variableis u =y’ = d_i = y' = dz = é d—z u- d;

du ) )
Ly u——yu—u =0
dy

Casel. u=0 — y'=0 = y=C

d
Case2. u#0 — ydu —y? —u=0 #Z9 y=0 isincluded in Case 1
’

1
. ——;-u =y, P(y)= = Q(y) =y /% Linear first-order
1 1
/P(y)dy = /‘Edy — —Inly|, POV _embi_ L

J
/Q(y)efp(”dydy = /y'%dy =y

e_fp(y)dy[fQ(y)efp(y)dydy+ C] =y(y+0C) = d—i/
dy
C y£C — f— /dx+c
g y(y+C) ’
1
— d =x+C, = —In =x+C
/ y y+C 4 2 C, |y+C 2
Problem 2.150
Solve 2y +x=4y
Let y=u?> = y' =2u-u' = 22u-u' +x=4u
u u
4—u' +1=4— /9 Homogeneous
x x

u
Let —=v = u=xv = u' =v+xv/

x

LAv(v4xv) + 1 =4y = 4xv-v/ = —Qv—1)?
Casel. 2v-1=0 — 2" —120 — 2% 10 — 25 =x
x x
Case2. 2v—1#0 2/2V_1+1d dx+c
ase2. 2v— — 2 dv=— | =
(2v—1)2 x

1 1
,/[(21/—1) + (zv_z)z]d(z"—l) = —In|x| +C

In[2y~1] = ~—— = ~In|x| - In||
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N3 _ 1
ln‘Cx(ZT—l)‘ = —zﬂ_l

X

— 2/y—x) In|CQy—x)|=x

Problem 2.151

Solve ~ 2y” —3y%4+x=y

Let y’:p — y=2p3—3p2+x=f(x,p)

b Ao dp
dx  ax apdx_1+(6p 6p)dx

_ 9 (1-6p92) =
p=1+6p(p-1) " = (p D1 6pdx)_0
Casel. p=1 — y=2p> -3p>+x=2-"-3-1>+x=x—1

d
Case2. 1—6p d—p =0 %9 Variable separable
X

/6pdp=/dx+C — 3p’P=x+C — p* = x-l;C
y=2p=3p+ (-0 =2p’-C = p3=#

st = (x+C)3 - (#)2 s 4(x+C)® = 27(y+C)?

3
Problem 2.152

Solve y —6xe"7 —1=0

Let du ) dy 1 du
et u=x— _ — =]1- - = =1—- —
7T dx dc 7 dx
d d
11— xe'—1=0 —> = —6xe' 2% Variable separable
dx dx

/—e_”du=/6xdx+c — e " =3x24+C — e VN =3x2+C

Problem 2.153

Solve  (1+y*)y " +y” +y' =0

The DE is of the type x absent. Let y be the new independent variable.

d d
The new dependent variable is u =y’ = d—z = y = % = j—; . d—i =u- j—;

d
(1+y%) ud_u +u+u*=0 2D Variable separable
o4
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dy
Casel. u=0— ==0 = y=C

dx
du

Case2. u#0—
7 uz+1

_ dy 1+C tan—ly — -1
=— = tan ‘u=—tan 'y +C
1+y?

tan(—tan_ly) + tan C
1— tan(—tan~ly)tan C
dy = —y+G N _/Cl)"H

dx 1+C,y y—C, dy = / dx + C, /2% Variable separable

u= tan(—tan_ly +0C) =

1+Ct 2
- <C1+y C )dy=x+C2 — —Cy—1+CHIn|y—C [ =x+G,

g |

Problem 2.154

Solve (ysinx + cos’x)dx — cosxdy = 0
d .
o tanx-y = cosx, P(x)=—tanx, Q(x)= cosx £%9 Linear first-order

P(x)d
, ef (x)dx — elnlcosxl — COSX

1 2 in 2
/Q(x)efP(X)dxdx:/cosx-cosxdxz/mdx:f+5m x

/P(x)dx = /—tanxdx = ln|cosx

2 2 4
— : 2
y=e fP(x)dx[/Q(x)efP(x)dxdx+C] _ <f+ sin 2x +C>
cosx \2 4

Problem 2.155

Solve y(6y* —x —1)dx+2xdy =0

dy x+1 305
dx 2x = x'y

Casel. y=0 isasolution.

490 Bernoulli DE

Case2. y#0 — y_3d—— = ——
X

2x x
du dy
Let = _2> —=-2 5=
¢ u=y dx ) dx
d 1 6 1 6
) a + X+ u=—, Pkx) = X+ , Qkx)=— /%9 Linear first-order
dx X x x x

1
fP(x)dx = fx+ dx = x +In|x|, efp(x)dx — X Hnlxl _ X
x

6
/Q(x)efp(x)dxdx = /— .xe*dx = 6¢e*

X
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_ 1 6 C
u=e fP(x)dx[/Q(x)efp(x)dxdx + C] = — (66" +C) = —+
xeX X xeX
g 12 =6+ Ce™
Y
Problem 2.156
Solve y'(x—Iny) =1
1
Let y'=p = px—lnp)=1 = x= E—i—lnp:g(p)
d d 1 1 1\ d
Differentiate with respect to y: d—; =g+ gpd—i — ; = <— p—2+;) d—i
1
/dy = /(1 —;) dp + C 2% Variable separable
1
y=p—lnp+C = x:;—i—lnp, y=p—Ilnp+C

Problem 2.157
Solve 1+ cosx)y/ +sinx (sinx 4 sinxcosx —y) =0

(sin®x + sin’x cos x —ysinx) dx + (14 cosx) dy =0

M N

oM . oN ) oM  ON

—— = —sinx, — = —sinx = — = — 29 ExactDE

dy ox ay ox

(sin®x + sin®x cosx)dx — sinx-ydx 4+ cosxdy +dy =0

-

fdx ycosx ~ 9
9y

1—cos2x
(sin’x + sin?x cosx)dx = | ————dx + [ sin®xd(sinx)
2
= %x— i sin2x + % sin® x
1 1 . 1 .3 _
. X — g sin2x+ 3sin"x +ycosx+y=C
Problem 2.158

Solve xdx + sin2(1> (ydx —xdy) =0
x

142 gin2?2
Y Y dy T
(x—i—y sm2—>dx=xsm2—dy B i a— /9 Homogeneous
X X X Z
X
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Let u=2 A
et u==+- — = XU — — =Uu X —
x ) dx dx
d 1 in? d 1
Cu4 x_u = w —_ x_u =— /29 Variable separable
dx sin“u dx sin“u

1—cos2u 1
/—duz —dx+C = %u—%sinZu:lnM-ﬁ—C
X

2

1 2
l——sin—yzln)z‘—i—c
2x 4 X X

Problem 2.159

Solve @xy*er +2xy° +y) dx+ (x*y*e? —x%y?* —3x)dy =0

M N
oM oN
W =8xy’e” +2xyte” +6xy* +1, F 2xyter —2xy? -3
1 (aN 8M>_ —4Q2xy’e +2xy* +1) 4
M\dx 3y /)  yQxyled+2xy2+1) y
4 Ll 1
n(y) = exp —/‘dy =t = —
( y ) yt
ltioly th b ) y2x1 2yx2 3xd
Multiply the DE by u(y): (er +—+—3>dx+<x e ——2——4) y=0
Yy oy Yooy
2x x2 1 3x
2xe?dx  + x*eddy+ —dx — —dy+ —dx — —dy =
\ / ) y 2 ) 33 Iz
AN - 9 9
fdx x2e 3 fda& 2 /% fdx\ x /@
— 3
y J

2
. x
General solution:  x%e” + — +

y oy
Problem 2.160

Solve (xy’—Ddx +x**dy =0

x
=C

(xy*dx +x*?dy) —dx =0 — xy*(ydx+xdy) —dx =0
Multiply the DEby x:  x?y?d(xy) — xdx =0
%d(xy)3 — %d(xz) =0 — %(xy)3 — %(xz) =0 = 2x°y’-3x*=C

29 p(x)=x is an integrating factor.



