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FLOW KINEMATICS

Problem 2.1

The following graph was drawn using EXCEL.
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Figure Q.2.1: Streamline, pathline, and streakline for the flow field # = x(1+2f),v=w =10

Problem 2.2

@) Y_V_ it
dx u
Ly=@L+t)x+C

But x=y=1 when t=0 = C=0

Hence at t =0 the equation of the streamline is:

y =X
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FLOW KINEMATICS

dt 1+t dt
~X=log(l+t)+C, ny=t+C,

The condition that x =y =1 when t =0 requires that C, =C, =1, so that:
X=1+log(@+t) y=1+t

Eliminating t between these two equations shows that the equation of the pathline is:

y=e

(c) Here, the equations obtained in (b) above are required to satisfy the condition x=y=1
when t =7. This leads to the values C, =1—log(l+7) and C, =1— 7. Hence the
parametric equations of the streakline are:

x=log(l+t)+1—log(1+ 7) y=t+1l-7
At time t =0 these equations become:
x=1-log(@+ 7) y=1-71

Eliminating the parameter = between these two equations yields the following equation
for the streaklineat t =0:

y=2-e"*
Problem 2.3
(@) u=x(1+t) v=1 w=0
%zx(1+t) = x=C,e"* =Ce* att=0
ds
dy
—=1=>y=s5+C
ds y 2

Butx=y=1whens=0sothat C,=C, =1. Hence:
x=e"and y=s+1

Lx=e""
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FLOW KINEMATICS

(b) %: X(l+t) — X:C1 et(1+t/2)
dy
—=1=y=t+C
it y 2

Butx =y =1whent=0sothat C,=C, =1. Hence:

x=e™"2 and y=t+1

2
sox=el R

(c) Asin (b): x=C,e' ™ and y=t+C,

Butx=y=1whent=z sothat C,=e"*"”? and C,=1-r. Hence:
X = et(l+t/2)—r(l+r/2) — e—r(1+r/2) fOI’ t= O

and y=1+t—-7z=1-7 fort=0

X =g E-n2

(d) From the continuity equation:
bp +pVeu=0

op 0 0 0
—+—(pu)+—(pVv) + —(pW) =
- 6X(p) ay(p) az(p) Y

Hence: %’?:—pV-U:—p(lth) since Veu=(1+t) here.

ie. %(Iogp) —_(+1)

Therefore logp=-t(l+t/2)+logC

So that p=Ce 2
But p=p, whent =0 so that C = p,. Hence:

p=p, '@ | along the streamline

Problem 2.4

The equations that define the streamlines are as follows:

dx, dx; ds
—=ds or —=
u; X, ([@L+1)
S
slogx. = +log C.
g X a+1) gL,

or x,=C,e*"
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Let x, =x,, when s=0. Then:

So that;

The equations that define the pathlines are as follows:

s/(1+t)

X; =X, €
X _y 1
XO yO ZO

for any time t.

dx; dx; X;
at dt  (1+1)
s logx; =log(1+t)+logC,
or x;=C,(1+1)
Let x; =x,, when s=0. Then:
X.
X, =X,@+t) or —=(1+t)
i0
So that: x_y_z as per the streamlines.
XO yO ZO
Problem 2.5
() u=16x*+y v=10 w=yz’

On0<x<10,y=0:
On0<y<5x=10:
On1l0>x>0,y=5:

On5>y<0,x=0:

[[vay = ['10dy =50

[Cudx= [ @6x* +5)dx =~
10 10

['vay = ['10dy =50
5 5
Then, adding the components around the counter-clockwise path gives:

I'=-50

oV adu
ox oy

(b) For the area specified, n=e, and o, = (— -

Page 2-4

|-

o [oemda= ["ax [ (-Ddy

jlou dx = .[1016 x2dx = 16,000
0 0

16,000

-50



FLOW KINEMATICS

o _
jA endA= —50

This is the same result that was obtained in (a), so that Eq. (2.5) is verified for this flow.

Problem 2.6

X y
and V=—"—

X? +y? x> +y

u=

+1 +1 -1 -1
~I= L u(x,—1)dx + L v(+1,y)dy + L u(x,+1)dx + J;l v(-1,y)dy

a—=xdx 1 ydy 1—xdx 1 ydy
1 x%+1 -[-11+y2 -[+1 x> +1 J.+11+y2

In the foregoing equation, we note that there are two pairs of offsetting integrals. Hence:

=0

Problem 2.7

(a) YA u=9x*+2y v=10x w=-2yz’

+1

+1 +1 2 3 +1
[Tu-ndx= [ (9x* -2)dx=[3x*-2x] =2
-1 -1 1

+1 +1 +1
j v(+1, y)dy = j 10dy =[10y] =20
-1 -1 1

-1 -1 -1
[ u(+Ddx= [ (9% +2)dx=[3x" +2x] =-10
i * +1

[ veaydy= [ 10dy=[-10y] =20

Hence: r:<jlu.d|:2+2o—10+20=32

(b) m:(%\l—?jex+(g—u—gﬂjey+(?—%}ez:—222ex+8ez
YA yA X X

Hence o =-50e, +8e, on the plane z=5
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(c) For the plane z =5 the unit normal is n=e,. Hence:

[ omda=["dx [ 8dy=32

This agrees with the result obtained in (a) - as it should, since

r=c}lu-d|=jAw-ndA

Problem 2.8
y X
u=-— and V=
X2+y2 X2+y2
+1 +1 -1 -1
(a) = J:lu(x,—l) dx + L v(+1, y)dy + Lu(x,+1) dx + L v(=1 y)dy
_ IH de N le dy2 N I_l _szX N I_l —dy2
AX°+1 tl+y X +1 Ml+y
ot da 114l
=4 P =4[tan " o] ]
r=2r
(b) o=| 2N
ox oy
_ 1 2 . 12y’
(< +y?) Py ] L +yT) (XY’
~o=0 provided xandy=0
(c) M__2XYy g N 22Xy

ox  (x2+y?)? &y (x*+y?)

~.Veu=0 provided x andy=0
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Problem 2.9
u=ay; V= fX
+1 +1 -1 -1
(a) cm};u-dfz L () dx + L Bdy + Ladx+ L (-B)dy
+1 +1 -1 -
- [—aX] -1 + [,3 y] -1 + [aX] +1 + [—,B y] +1
=—20+2p —2a+2p
r=-4(-p)
ov au
(b) jAa)-ndAz I(&—ajdxdyz [(8 - ayaxdy
[ondA= -4(a-p)
dx dy
C —= and —=
© ds oy ds P
ﬂ:ﬁ or aydy=gxdx
dx ay
Yo _px et
=Py
Bx? —ay?=c?
(d) a=-land f=+1 = x*+y°=c® whereu=-y and v=xX.

But x = 1 when y = 0 so that ¢ ? = 1. Therefore;

x> +y*=1

(e) a=p=1 = x*-y?=c® whereu=y and v=x.

But x =0 when y = 0 so that ¢ = 0. Therefore;

y=+X
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Problem 2.10
The vorticity vector will be in the z direction and its magnitude will be:
190 1 ou,
R,0)=——(Ru,) ————
*RO) =R am R "R 0

(@) u,=0 and u,=wR

0 0
—(Ru,)=—(@R*)=2wR
aR( o) aR( )

OUg
and —=0
00
~o(R,0)=2wR
I
b u,=0 and u, =——
(0) : =5
0 o T
—(Ru,)=—| — |=0
R RU) aR(ZﬂJ
ou
and R=-0
o

~o(R,6)=0 provided R=#0
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