2 INTEGRAL TRANSFORMS

2.1 The Laplace Transform.

2.1.1 Definition and Properties of the Laplace Transform.

1. Let £L{f} = F.
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36 2. INTEGRAL TRANSFORMS

F(s) = / e St f(t)dt = / sin? te % dt
0

(e}

1 oo
= 5/67“(1 — cos 2t) dt
0
17 -
=3 /e_St dt — g/e_St cos 2tdt
0 0
(o) o0
et 1 _,, —scos 2t + 2sin 2t
=— ——e
2s 2 s2+4
t=0 t=0
1 s
25 2(s244)
= 2 >0
Y s> 0.
1, 0<t<?
e t) =
0 2
F(s) = / et (t) dt = / Lot dt
0 0
2
—st 1— —2s
= ¢ = 76 , S > 0.
-5 s
=0
t 0<t<?2
£) f(t) = -

o0

F@)zi/e_”f@ﬁ#:iite_“dﬁ+/xf“f@)ﬁ
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_tefst efst 367515
= —_ 3 —+
S S S
0 2
_26—23 6—25 N 1 N 36—25
s 52 52 s
—2s 2s
e s—1+e
= ( 3 ), s> 0.
S

05/08/14 12:54 PM



K14788_SM_Cover.indd 43

2.1.1 DEFINITION AND PROPERTIES 37

) = 0, 0<t<l1
Sl >

. The Shifting property: If L{f(t)} = F(s), then L{e* f(t)} = F(s—a).

(a) g(t) = e'sin 2t.

Since (L{sin 2t})(s) = ﬁ using the shifting property, we have
(L{et sin 2})(s) = ﬁ
(b) g(t) = et cos 2t.
Since (L{cos 2t})(s) = ﬁ using the shifting property, we have
(L{e "t cos 2t})(s) = %
(c) g(t) = et cos 3t.
Since (L{cos 3t})(s) = ﬁ using the shifting property, we have
(L{e cos 3t})(s) = —>— 1

(s—1)2+9
(d) g(t) = e?! cos 4t.
Since (L{cos 4t})(s) = sQ—FLIG using the shifting property, we have
(L{e2" cos 41})(s) = (5:2)%
(e) g(t) = e tsin 5t.
Since (L{sin 5t})(s) = 32—1—% using the shifting property, we have
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5

(L{e"tsin 5t})(s) = it

(f) g(t) = et t.

1
Since (L{t})(s) = 2 using the shifting property, we have

(£{e' () = =

. (a) f(t) = —18¢3.

Using the linear property, we have

(LLF (O} () = (£{-18e™})(s) = —18(L{e™})(s) = 18 i 3

(b) f(t) = t2e3L

2!
Since (L{t?})(s) = — using the shifting property, we have
s

(L{fB)}H(s)) = (L{et?})(s) = 5137

(¢) f(t) = 3tsin 2t.

Since (L{sin 2t})(s) =

1 from Theorem 2.1.5 we have

71

(L0} 6) = 3eesin 20)() = 35 5 )
12

T

(d) f(t) = e 2t cos Tt.

. S . .
Since (L{cos Tt})(s) = 2 119 ins the shifting property, we have
_ —2t _ 5+2
(L) = (e cos () = 55

(e) f(t) =1+ cos 2t.

Using the linear property, we have
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(L1 + cos 20))(5) = (E{11)(s) + (£fe0s 201)(5) = + + 5

(f) f(t) = t3sin 2t.

. . 2
Since (L{sin 2t})(s) = I from Theorem 2.1.5 we have
3
(L0} = (e sin 2h)e) = (-1 5 (575 )

74d72 s 74i 4 — 32
Cds?\(s24+4)2)  Tds \ (s2+4)3

(82 +4)3(—6s) — (4 — 35%)3(s%+)%2s

=1 (s2 + 4)5

~

(a) f() =%

F(s) = (Lf(1)(s) = 7t dt
5

using the substitution st = u, we get

T 17
F(s) z\/g/u_ﬂa“fdu: —/uﬁe_“du
s s
0 \[0

F(s) = (LF(0)(s) = [ the e
0
using the substitution st = u , we get

17 1 17
F(s) = E/u%e_“;du: ﬁ/u%_le_“duz
0 0
N

253

I'(3) 10(3)
Vs 2Vs

39
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2. INTEGRAL TRANSFORMS

t5

ft) = (L7HF(s)})(#) = (£ 1{ s D) =

1

b)Y Fl) = g7 a

f(t)Z(E‘l{F(S)})() CHs
= (L~ {( )2})()

By the shifting property we have
f(t) = e?t.
1

(c) F(s) = [EETER

From Theorem 2.1.5 and the Table for Laplace transforms we have

(ﬁ{tCOSSt})(S):_%( S ):(82—9

2+9) " (s2+9)°
. 9
(L{sin 3t})(s) = 210

Consider the decomposition

1 2-9 9
2 2 = 2 5 T B :
(s2+9) (s2+9) 249

1
From the above decomposition we find A = T and B = R

Therefore

1) = (€ P@YO = (e g ) O
2

- g5 {mshe

1 1
= 1—8t cos 3t + 51 sin 3t.
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@ F) = 555
F0) = (EHFONW = (€ {7 D)

1 1
= (L gD

By the shifting property we have

f(t) = e3tt.
© F6) = 515056
70 = (2 FE) 0 = (e e )0

s2 4+ 155 + 56
(ﬁ’l{m})“)

- ({mo- ({ashe.

By the shifting property we have

f(t) — ef7t _ 678t'

1
(£) Fls) = 52 +16s+ 36"

0= (27000 = (6 (s )

1 1
(L {(s+8+2\ﬁ)(s+8—2\/§)})(t)

1/ 1 1, 1
:Tﬁ(ﬁ 1{s+8+2ﬁ})(t)_fﬁ(£ 1{s+872\ﬁ

By the shifting property we have
1

1) — — 842Vt _ ,—(8—2VT)t )
0=z (e e )
2s — 7

(&) F() = 5 s 155

We write F(s) as

41
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2. INTEGRAL TRANSFORMS

NI~1

5 —
(s—2)2461
By the shifting property we have

F(s) =

f(t) = ezt cos (VO1t).

s+2

h) F(s) = ————.
W FE) =
We write F(s) as

s+2
Fo)=Groprs

By the shifting property we have

f(t) = et cos (V/81).

25 —H

I e

Decompose F(s) into partial fractions as follows

25 -5 A B C Ds+ E

Go1P(244) s—1 (=12 (-19 " £+a

By comparison , we find that the coefficients are

17 16 3 63
A=-—_ B=—C=-2 D=1 p=__"
1257~ 25 5 1257 125

Using shifting property and the Laplace transform of 1, ¢, t2,

sin 2¢, and cos 2t, we have

17et N 16e't  3ett? N 17cos 2t 63sin2t

-1 F _
LHFG) 125 ' 25 10 125 250

1
= ﬁ(—?ﬂlet + 160te’ — 75t%et 4 34 cos 2t — 63 sin 2t).

(b) F(s) = —5 50—

(s2(s2+9)(s2+ 1)

Decompose F(s) into partial fractions as follows

35s—5 A B CUs+D FEs+F

(s2(s2+9)(s2 + 1) stat 249 s2+1°

By comparison, we find that the coefficients are
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1 ) 1 5 3 5
A—§7B——§7C—ﬂ7D——E7E——§,F—§

Using shifting property and the Laplace transform of 1, ¢, sin 3t,

and cos 3t, we have

1 5t cos3t 5sindt 3cost 5sint

1 F _
e =397 50 ~ 316 s s
1
= %(72 — 120t 4+ 9 cos 3t — 5sin 3t — 81 cos ¢ + 135 sin ).
s
F(s)= .
(3) F(s) = 1o

Since lim F(s) = —1 # 0, by Corollary 2.1.1 there isn’t a piecewise
S§—00
function f(t) such that L{f} =F.

s2

() F(s) = g

Since lim F(s) = 1 # 0, by Corollary 2.1.1 there isn’t a piecewise
S§—00
function f(t) such that L{f} = F.

s2

s24+9

(a) F(s) =

Since lim F(s) = 1 # 0, by Corollary 2.1.1 there isn’t a piecewise
s§—00
function f(t) such that L{f} = F".

(a) f(t) =t", neN.
From McLauren’s expansion for e! we have

t" < nlet for every t > 0.

(b) For n > 2 and any ¢ € R the function ¢" is not bounded on any
interval [T, 00).

Consider the function F(z) = e~%V#. This function is analytic on the
whole complex plane except on the negative real axis (the function
has a branch point at the origin and the branch cut along the negative
real axis). From the Laplace Inversion Formula (2.1.3) and Cauchy
Residue Theorem we have
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b+ic0

1 1 1

f@®) = 5 / F(z)e* dz = %/F(z)e” dz + %/6_‘1 “e*t dz,
b—ioco Y1 Y2

where 7, is the upper branch cut oriented from —oo to 0 and 7o

is the lower branch cut oriented from 0 to —oo. On 7; we have

z = ze'™ = —z and so \/z = iy/7 and dz = —dz. On the lower branch
cut v, have z = xe™™ = —x and so \/z = —i\/x and dz = —dx. Thus
0 oo

1 e" WPty = L e VT dy = b e~ WVET g
27 27 2mi

71 oo 0

0 00

L P zeztdzz_i/eai ze—ﬂtdl‘zi/eai me—ztdm
27 2mi 2m '

Y2 oo 0
Therefore

(o) o0
10) = 5 [eFertan— o [envFetas
2mi 27
0 0
oo
1 ot -
= f/e_"‘t sin (ay/x) dx.
7r
0

Integration by parts the above integral gives

1 [ cos (avx) 4
f) e " dx
/

~ 2atr VT
Let
stV
NG

If we differentiate the last integral with respect to a and use the inte-
gration by parts formula we obtain

I(a)

oo o

I'(a) = —/sin (av/z) e "t dr = %/sin (av/x)d(e™™)
0 0

_acos(ayT) _., . a

__ﬂTe dx—_%l(a).

We have the following differential equation

05/08/14 12:54 PM



K14788_SM_Cover.indd 51

2.1.2 STEP AND IMPULSE FUNCTIONS 45

a

I'(a) = I(a).

2t

A general solution of the above equation is given by
2
I(a) = C’exp(—i—t).

7 1 1 T 2 1
C:I(O):/—e_”dx:—/e_“ du = —+/7.
t t
) VT vt Vi

Therefore

I(a) = %\/E emp(—%) and so

t) = . exp(—é)
2mV/13 wr

2.1.2 Step and Impulse Functions.
2. Let F(s) = L{f}.

0, t<?2
a t) =
@ 10={ 7 e 1o
Notice that this function can be written in the following form
fty=H(t—-2).
Using the translation property in Theorem 1.2.10 we have
6—23
F =
(5) ==
t, t<1
b) f(t) =
(b) £ {t2—2t+2, t>1.

Notice that this function can be written in the following form
fO)=t+ > -3t+2)Ht—-1)=t+ (t—1)2H(t—1)
—(t—-1)H(t-1).

Using the translation property in Theorem 1.2.10 we have

1 e s e s

F(s)=—=+

52 3 s2
0, t<1
t) =
(©) £(t) {1, L
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46 2. INTEGRAL TRANSFORMS
Notice that this function can be written in the following form
f(t)=H(t—1).

Using the translation property in Theorem 1.2.10 we have

e

F(s)= .
0, t<m

@) fit)y =< t—m, w<t<2m
0, t> 27w

Notice that this function can be written in the following form
fO)=@t-—mH{t—7)+[0—(t—m)|H(t—2m)=(t—7m)H(t—7)
—(t—2m)H(t — 2m) — H(t — 2m).

Using the translation property in Theorem 1.2.10 we have

e 5T e—257r e—28ﬂ'

52

(e) f(t) = H(t — 1)+ 2H(t — 3) — H(t — 4).

S

Using the translation property in Theorem 1.2.10 we have

s 6735 674371'
+2— —
S S S

(£) f(t) = (@ =3)H(t —3) = (t —2)H(t - 2).

e~

F(s) =

Using the translation property in Theorem 1.2.10 we have

6735 672871'

F(s) = . -3 Pt

(g) f(t) =t—(t=1DH(t—1).

Using the translation property in Theorem 1.2.10 we have

3. Let f=L7{F}.

K14788_SM_Cover.indd 52 05/08/14 12:54 PM



K14788_SM_Cover.indd 53

2.1.2 STEP AND IMPULSE FUNCTIONS 47

3!
(a) F(s) = Goo

Using the shifting property we have

f(t) = et
6—28

b) F(s) = ——.
(b) F(s) s24+5—2
First write F(s) as

B 1 +1 o 1
e —e .
3 s+2 3 s—1

Using the translation property in Theorem 1.2.10 we have

f(t) = % e 20D H(t —2) + 2 H(t - 2)|.

2(s —1)e7 2 _ .
(c) F(s) = PRy First write F(s) as
o 2(s—1)
F(s)=e 2 222
()= G141

By the translation property of Laplace transform we have

(82_(81;21_')_1 =2,! (et sin t).

Now, using the translation property in Theorem 1.2.10 we have

f(t) = (2et—2 sin (f — 2)) H(t—2).

2728
(d) F(s) = ——. First write F'(s) as
5% —4
1 1 1 1
F(S) — *6_25 _ 76—28

2 s—2 2 s+2°

By the translation property of Laplace transform we have

1
s—2

=Lt (62t> and 3—|—% =Lt <e’2t>.

Now, using the translation property in Theorem 1.2.10 we have

1) = %e2<t*2> H(t—2)— %e*(t% H(t—2).

4. Let F(s) be Laplace transforms of the given functions.
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(a) 6(t — ).

By Formula (2.1.14) we have

F(s) =e ™.

(c) 20(t—3) —d(t—1).

By Formula (2.1.14) we have

F(s) =e™ 3 —e75.

(d) sin tugx(t) — 6(t — Z).

Since sin t is 27-periodic we have

sin tugy(t) — 0(t — 5) =sin (t — 27) ugx(t) — 6(t — 5).

Therefore, by the translation property in Theorem 2.1.10 and Formula
(2.1.14) we have
1

F(s) = e=27 71 H(t—27m) —exp ((—%s)

(e) cos 2tur(t) + 6(t — ).

From cos 2t = cos 2(t — ) we have newline
cos 2t ur(t) + 6(t — w) = cos 2t = cos 2(t — ) ur(t) + 6(t — 7).

Therefore, by the translation property in Theorem 2.1.10 and Formula
(2.1.14) we have
s

F(s)=e " o Ht—m) +e ™.

2.1.3 Initial-Value Problems and the Laplace Transform.
1. Let Y(s) = L{y(¢)}.

(a) ¥ +y=e"?, y(0) =2
Taking Laplace transform from both sides of the differential equation

and use Corollary 2.1.2 we have

1
s+ 2

sY(s)—24+Y(s) =
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Solving the above equation for Y (s) we obtain

Yis) = 1 L2 8 1
8_(s+2)(s—|—1) s+1 s+1 s+2

Taking thew inverse Laplace transform we have

y(t) = 3e~t — e~ 2,
(b) o + Ty = H(t — 2), y(0) = 3.

Taking Laplace transform from both sides of the differential equation
and use Corollary 2.1.2 we have

1
sY(s) —=3+7Y(s) = 6_28;.

Solving the above equation for Y(s) we obtain

1 3
Y — —2s R
() 8($+7)+8+7
_1 a1 1, 1 3
=7 s TR sxi T syn

Taking thew inverse Laplace transform we have

1 L -2 —7t
y(t) = ?H(t—2)—?e =2 [ (t —2) + 3~
() y' + Ty =H(t —2)e ("2, y(0) = 1.

Taking Laplace transform from both sides of the differential equation
and use Corollary 2.1.2 we have

1

sY(8) =1+ 7Y(s) = e 2 L

Solving the above equation for Y (s) we obtain

1 1
_|_
(s+2)(s+7) s+7
]'725 1 1 —2s 1 4 3
—e — —e .
5 s+2 5 s+7 s+7

Y(s)=e 2

Taking the inverse Laplace transform we have

1 1
y(t) = = e 2= [ (t —2) - = e T2 [ (t —2) + 3e .
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2. Let Y(s) = L{y(t)}.

(a) y" +y' + Ty = sin 3¢, y(0) =2, y'(0) =0.

Taking Laplace transform from both sides of the differential equation
and use Corollary 2.1.2 we have

3
2Y (s) —2 Y(s)—2+7Y(s) = ——.
$*Y (s) — 25 + sY (s) + 7Y (s) 259

Solving the above equation for Y'(s) we obtain

25+ 2 3

Y(s) = .
() 52+8+7+(32+5+7)(52+9)

Decomposing into partial fractions we have

Y(s) = -3(s+2) 3(s+3)
13(s2+9)  13(s2+s+7)

3 s 6 1

T 135249 135249

16 s+3 27 1

+— = :
13 (s+3)2+2 13 (s+3)2+ %

Taking inverse Laplace transform we have

3 2 16
y(t) = —13 o8 3t — Esin 3t + ﬁe_%t cos (ST‘/‘;”)
18 1
4+ e~ 3t sin (BLBL),
13V/3 (%)

(b) ¥ +3y = H(t —4) cos 5(t — 4), y(0) =0, y'(0) = —2.

Taking Laplace transform from both sides of the differential equation
and use Corollary 2.1.2 we have

5

2V (s) + 2+ 3V (s) = e .
SY(8) +243Y(s) = e 5om

Solving the above equation for Y (s) we obtain

2 —4s 3

Yo =—m 3t " m)

Decomposing into partial fractions we have

s —4s S 2
—— —e - .
s2+3 s24+25 s243

Y(s) = e %
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Taking inverse Laplace transform we have

y(t) cos (VA(t —4)) — cos 5(t —4)] H(t — 4) - 2 in (V31).

:E[ /3

(¢)y"+9y=H(t—5) sin 3(t — 5), y(0) =2, ¢/(0) =0.
Taking Laplace transform from both sides of the differential equation
and use Corollary 2.1.2 we have

3
249

s2Y(s) — 25+ 9Y (s) = e

Solving the above equation for Y (s) we obtain
2s g 3

- te M ———.

s2+9 (s2+9)2

Taking inverse Laplace transform, together with the initial conditions,
we have

Y(s) =

y(t) =2cos 3t + H(t — 5)f(t — 5), where

1) = M g}

1
To find Eil{m} we use the formula

LU0} = (L))

d s 52 -9
L{tcos 3t} = _(13(32—|—9> = EFTIER

1 . 52 —

. 1 1,1 . 9
E et Tt e m ot e !

1 1
= 92 sin 3t — §tcos 3t.

Therefore

1 1
y(t) = 2cos 3t + 3L sin 3(t—5)—§(t—5)cos 3(t—5)|H(t—5).

(d) y" —y=H(t—1)— H(t—2), y(0) = y'(0) = y"(0) =y (0) =0

Taking inverse Laplace transform, together with the initial conditions,
we have
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(s* —1)Y(s) = . and so
1 1
Y — oS _ ,2—s
(s) =e s(st—1) ¢ s(st—1)
—5 1 —2s 1

s(s—1)(s+1)(s2+1) - s(s—1)(s+1)(s2+1)

By partial fraction decomposition we have

1 1
—s _ ,—2s
s+ 1)+ C ss-Ds+r(s2+1)

. . 1 .1 L 1 .1 1 .1
TTCOSTEY sT17T1C 5128 ey

1 1 1 1 1 1 1
__ ,—2s = _ — ,—2s _ ~ ,—2s =25 _ — ,—2s
T 51 so1 1 sy € 2¢ 241
Taking inverse Laplace transform gives

Lova b ey L

f(t)=[1+1e +e +§sm(t—1)]H(t—1)

Loy 1 oy 1
—[14—16 +3e +§sm(t—2)]H(t—2).

t, 0<t<l1

(e) ¥y + 3y =w(t), y(0) =0, y(0)=—2, w(t) = { L 1o

Taking Laplace transform of both sides of the equation and using the
given initial conditions we have

s2Y (s) + 2+ 3Y (s) = L{w}.
From w(t) =t — (t — 1)H(t — 1) it follows
11
Therefore
243)Y(s)=-2 ! s 1
(s*+3)Y(s) = -2+ 5 —e* .
Solving for Y'(s) we obtain

1 1
V()= -2 et
(5) s2+3 ¢ 52(s2 + 3)

By decomposition we have
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2.1.3 INITTAL-VALUE PROBLEMS AND THE LAPLACE TRANSFORM 53

1 11 1 1
Y(s)= -2 4+ e F— — et ——
(5) 213 73° 273° @233

Taking inverse Laplace transform we have

2

y(t) = 5 sin (V3 (t—1)).

. 1 1
sin (V31t) + 3 (t—1)H({t—1)— 7

. Let F = L{f}. f(t+T) = f(t) for every ¢ since f is T-periodic. Then

T

Fs) = :foe’St )t = [le f(tydi + :f et F(¢) dt

e st f(t)dt + T e St f(t+T)dt
T

e st f(t)dt + 70 e=*=T) f(u)du
0

Ot iy O — 1y O%— 1y O — 1y

e st f(t)dt +eT T e f(u) du
0

e st f(t)dt + e’T F(s).

Therefore, (1 —eT)F(s) = [ e f(t)dt

oy

from where the result follows. newline

L, 0<t<l o
is 2-periodic. By
-1, 1<t<2

the previous exercise we have

1 2
W(s)=—— [ e stw(t)dt

_17625 0
1 1 1 2

—st
o 1f e st dt

. Let Y(s) = L{y(t)}.

(a) ¥" = 2¢" +y = 302(t), y(0) =0, y'(0) = 1.

Taking Laplace transform from both sides of the differential equation
and use Corollary 2.1.2 we have
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s2Y (s) —2 —2sY (s) + Y(s) = 3e~ 2.

Solving the above equation for Y (s) we obtain

2 e 1 1
Y(S)_52—25+1+36 s2—25+1 (s—1)2 (s —1)2°

Taking inverse Laplace transform we have

y(t) = te! +33(t — 2)et2H(t — 2).

(b) " + 2y’ + 6y = 36(t) — 435(t), y(0) =0, '(0) = 1.

Taking Laplace transform from both sides of the differential equation
and use the given initial conditions we have

s2Y(s) — 1+ 2sY(s) + 6Y(s) = 3e725 — 455,

Solving the above equation for Y'(s) we obtain

1 e 1 ; 1

Y - 43 - fe s =
S s Py A R s Py e s ey
1 1 1
- 3—287_4—557.
(s+1)2+5Jr ¢ (s+1)2+5 N (s+1)2+5

Taking inverse Laplace transform we have

<

Ef) = % e tsin (V51) + % e~ (t2sin (V5 (t —2)) H(t — 2) —

7 e~ sin (V5 (t —5)) H(t —5).

() ¥y +2y +y=10dr y(0)=1, y/(0)=0.

Taking Laplace transform from both sides of the differential equation
and use the given initial conditions we have

s2Y(s) —s+2sY(s) =2+ Y(s) = e 75,

Solving the above equation for Y(s) we obtain

1 n 1 n 1
(s+1)2 s+1 (s+1)%

Taking inverse Laplace transform we have

Y(s)=e ™
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y(t) = (t—m)e CMH({t —7) + et +te .
(d) ¥ + 2y + 3y =sin t + ., y(0) =0, y'(0) = 1.

Taking Laplace transform, together with the initial conditions, we have

1

SQY(S) — 1 —+ QSY(S) — 2 + 3Y(3) = m —+ 6_7‘-5.
Solving for Y'(s) we obtain
3 1
Y(s) = .
(s) (52+1)(52+23+3)+e s2+25+3

By partial fraction decomposition we have

¥ (s) 3 +3 1 3 s
S) = —_ [
s2+2s+3 4s24+1 48241
+3 s 1

e - -

4 s2+2s5+3

1 3 1 3 s

(s+1)24+2 4s24+1 45241
3 . 1
_"_76 TS

4 (s+1)242°

Taking inverse Laplace transform we obtain

y(t) = %e*t sin (V2t) + Z sin t — % cos t

3_e—(t-m) -7 -7
+4—\/§e (t=7) sin (\/i(t )) H(t )-
(e) ¥ +4y = 0 (t) — d2x, y(0) =0, y'(0) = 0.

Taking Laplace transform, together with the initial conditions, we have

s2Y (s) +4Y (s) = e™ ™ — 7275,

Solving for Y'(s) we obtain

1
Y — o~ TS _ ,—27s .
(s) =e s2+4 c s2+4

Taking inverse Laplace transform we obtain
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1 1.
y(t)=-sin2(t —m) H(t — ) — 5 sin 2(t —2m) H(t — 2m)

1 1
=3 sin 26 H(t — w) — 3 sin 2t H(t — 2).

() y" +y=06z(t)cos t, y(0) =0, y'(0) =1.
Taking Laplace transform, together with the initial conditions, we have

s2Y(s) —1+Y(s) = [ et cos t0,(t)dt.

By formula (2.1.15) we have

706’“ cos t O, (t)dt = e~ cos m = —e” 75,
Therefore

Y (s) —1+Y(s) = —e ™.

Solving for Y'(s) we obtain

1 1

YO =g~V arr

Taking inverse Laplace transform we obtain

y(t) =sin t —sin (t — ) H(t — 7).

2.1.4 The Convolution Theorem.

1. Commutative Property.

(f *9)a /fa:—

Introduce the new variable ¢t by ¢t = x —y. Then y = z — ¢ and
dy = —dt.

0

(f *9)a / -y dy = [ Fit)gta 1) (~dt)

x

_ / gz —)f(t)dt = (g = f)(x).

0
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Distributive Property.
(g+h)) / fla - +h(y)) dy

= / flax— dy+/ flz—

0

= (f*xg)(x) + (f + h)(x).
Associative Property.

(g * h / F@W)(g=*h)(z—

- / f<y>( / o(Oha—y—1) dt) dy.

0 0
In the first integral introduce a new variable z by z = y + ¢t. Then
(f*(g*h)) /(/f a:—z)dz)dy.
Interchanging the order of integration we obtain
(f* g*h /</f a:z)dy)dz
- / ( / Fla(e = ) d Y = 2) bz = [ (F 5 ) (eIl = 2) s

0 0 0
= ((f*g) * h)(2).
(a) f(t) =1, g(t) =¢*

t t
(f*9)(t /ft— :/(t—y)zdy:/(t2—2ty+y2dy
0 0
1
t3 *t3 — t3
+ 3
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t t
(F+9)0) = [ Fwygle =y = [ cosysin(t~y)dy
0 0
1 y=t 1
:Z(COS(t—2y)+2ysint)’ Ozz(cost—l-Ztsint—cost)
y:
1
= —tsin t
2

(&) F()) = t, glt) = H(t) — H(t - 2).

First write g(¢) in the following worm

(t){l, 0<t<2
W=V, t>2
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(f*g)(t)=/g(y)f(t—y)dy=/(t—y)g(y) dy
0 0
¢ —2, t<?2
- t/@ Yy, t<2
=1 —
0, t>2 0, t>2
= t? %tQH(t—2)

. Let F = L{f}.

t
/ t—x cos 2x dx.
0

Notice that f(¢) can be written as
f = g1 % g2, where g1 (t) = t? and g»(t) = cos 2t.

Since

S

2
Gl(S) = E{t2} = ? and GQ(S) = L{COS 2t} = m

from the Convolution Theorem for Laplace transform we have

2

F(s) = G1(s) Ga(s) = T

¢
(b) f(t) = / e~ =) sin 2 da.

0
Notice that f(t) can be written as

f = g1 % g2, where gy (t) = e~ and go(t) = sin t.

Since

1
s2+1

GﬂQ:£@4}:Si1

from the Convolution Theorem for Laplace transform we have

and Ga(s) = L{sin t} =

59
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1

F(s) = Gi(s) Ga(s) = GrOE T

t

(c) f(t) = / (t — x)e” dx.
0
Notice that f(¢) can be written as

f = g1 %g2, wheregy(t) =t and go(t) = €.

Since

1 1
Gi(s) = L{t} = = and Go(s) = L{et} = p—
from the Convolution Theorem for Laplace transform we have

1

F(s) = G1(s) Ga(s) = TP

t

(d) ft) = / sin (t — ) cos dx.
0
Notice that f(¢) can be written as

f = g1 % g2, where g1 (t) = sin t and g2(t) = cos t.

Since

. 1 s
Gi(s) = L{sin t} = 241 and Ga(s) = L{cos } = poan

from the Convolution Theorem for Laplace transform we have

S

F(s) = Gi(s) Ga(s) = ICENE

(t — x)%e” da.

(e) f(t) =

—

-+ o

Notice that f(t) can be written as

f = g1 % g, wheregi (t) = t* and ga(t) = €".

Since
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1
s—1

Gi(s) = L{t?} = s% and Ga(s) = L{e'} =

from the Convolution Theorem for Laplace transform we have

2

F(s) = Gi(s) Ga(s) = FEo1)

t
/ e~ (=7) gin? 2 dx.

0
Notice that f(t) can be written as
f = g1 % go, where g;(t) = et and go(t) = sin® .

Since

Gi(s) = L{e 7'} = . i | and Gy(s) = L{sin” t}

1 1 s
=—_L{1— A= — — ————
2£{ cos 21} 2s  2(s2+44)
from the Convolution Theorem for Laplace transform we have
1 1
2s(s+1) 2s(s?2+4)

F(s) = Gi(s) Ga(s) =
- 2
s(s+1)(s2+4)

. Let f = £L-H{F).
1
() Fs) = 50y

Write F'(s) in the following form

1 1
F(s) = - ——.
(5) s2 s+1
Then from

01(t) = LHGU() = £ 5} =1,

ga(t) = L7HGa(s)} = L7

ot
s+1} ’

and the Convolution Theorem for Laplace transform we have

61
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x=t x=t
= [ zet ™ dr =te™® [ —ze ¥ —e ]

=0 x=0

0
—14et 4t
2
s

b) F(s) = ————.
(0) F(5) = g

Write F(s) in the following form

s s
Fo)= a1
Then from

J— p— s .
g(t) =L HGs)} =L 1{52+1} =sint

and the Convolution Theorem for Laplace transform we have

F(t) = (g% 9)(t) = / o(2)g(t — z) de
0

¢
1
cos x cos (t — z)dx = 5/ [cos t + cos (t — 22)] da

Il
—

0

o =t

=0

[ cos t — % sin (¢t — 2z)]

(t cos t + sin t).

N~ N~

1
©FE = e

Write F(s) in the following form

1 1
Fls)= — ——.
(5) s24+4s5+1

Then from

1 1 .
32—|—4}:7 sin 2t,

qi(t) = L7HGi(s)} = L7 2
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92(t) = £7Gas)} = L7} =
s+1 ’
and the Convolution Theorem for Laplace transform we have
t t
1 (=)
f@) = (91%92) ) = | q1(x)g2(t — x)dax = 5 /e sin 2z dx
0 0
t
= le_t / e® sin 2z dx = ie_t e”(sin 2x — 2 cos 235) t
2 10 =0
0
Ly L (—2cos 2t + sin 2t)
) 10 ’
(@) F(5) = g e
- $3(s2 4+ 16)
Write F(s) in the following form
1 1
F(s)= ——— —.
() s2+16 s3
Then from
01(t) = LHG1 ()} = L { o} = L sin 4t
s2+ 16 4 ’
1 1
g2(t) = L7HGa(s)} = E‘l{s—g} = §t2,
and the Convolution Theorem for Laplace transform we have
t ) t
fit)= (g1 * 92)(t) = / g1(z)ga(t —x) dx = 3 / x? sin 4(t — z) dx
0 0
_11 [(81'2 —1) cos 4(t — ) + 4z sin 4(t — )} -
=33 T x si 2)|| _,
1
= 256 [8t2 — 14 cos 4t].
s
(e) F(s) =

(2 +4)(s+1)
Write F'(s) in the following form

s 1

F =
(s) s24+4s5+1

Then from

63
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S

n(0) = £7HG(s)} = £} =cos 2,
2(t) = £7HGas)} = £} = e,

and the Convolution Theorem for Laplace transform we have

f@) = (91%92)(t) = / g1(2)ga(t — z) dz = / cos 2ze” ") dg
0 0

=t

=0

t
1
=et / cos 2x ¥ dx = 5 et [e‘”(cos 2z + 2sin 233)}
0

(e*t + cos 2t + 2sin 2t).

Let Y = L{y}.

t

(a) y — 4t = —3/ y(z) sin (t — z) dx.
0
Notice that the above equation can be written in the following form

y— 4t = —3(y(t) xsin t).
Taking Laplace transform of both sides of the above equation and us-

ing the Convolution Theorem we have

wg—ﬁz—w®5gﬁ.

Solving for Y'(s) we have

L, s+ _6 1 +21
Cs2(s24+4) s24+4 52

Taking inverse Laplace we obtain

Y(s)

y(t) = 3 sin 2t + 2¢.

Notice that the above equation can be written in the following form
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y = % — (y(t)*t)

Taking Laplace transform of both sides of the above equation and us-
ing the Convolution Theorem we have

1 1
Solving for Y(s) we have

1 1 s
Y(s)= — —1__5
() s(s2+1) s s2+1

Taking inverse Laplace we obtain

y(t) =1 —cos t.

t
(c)y—et= —2/ y(z) cos (t — x) du.

0
Notice that the above equation can be written in the following form

y—e ' ==2(y(t) xcos t).
Taking Laplace transform of both sides of the above equation and us-
ing the Convolution Theorem we have
1 S
Y(s)— =-2Y(s) ——.
(S) s + 1 (s) 32 + 1

Solving for Y'(s) we have

s2+1 1 1 1

YO =75 =571 261 T 2GrE

Taking inverse Laplace we obtain

y(t) =et —2te P+ 2t = (t—1)%e "

t
(d) y(t) =*+ / y(t — x)sin z dz.

0
Notice that the above equation can be written in the following form
y =13+ (y(t) xsin ).

Taking Laplace transform of both sides of the above equation and us-
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ing the Convolution Theorem we have

6 1

Solving for Y'(s) we have

241 1 6
Taking inverse Laplace we obtain

5 6 1
t) =3+ =t =3 + —¢°.
yt) =17+ 5 50

t

(e) y(t) =1+2 / y(x)e 2= dg.
0
Notice that the above equation can be written in the following form

y=1+2(y(t)xe ).

Taking Laplace transform of both sides of the above equation and us-
ing the Convolution Theorem we have

1 1
Y(s)=—-+2Y .
(5) = £ +2Y(s) 5

Solving for Y'(s) we have

s+2 1 2
c_

Y(S) = s s 57

Taking inverse Laplace we obtain

y(t) =1+ 2t.

. Let Y(s) = L{y(¢)}.

t

@) y/(0) <t = [ ylw)cos (¢~ x)da, 9(0) =4
0
Notice that the above equation can be written in the following form

y'(t) —t = (y(t) *cos t), y(0) = 4.

Taking Laplace transform of both sides of the above equation and using
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the Convolution Theorem and the given initial condition we have

1 s

Y(s)—4——=+Y(s) 5—.

() - 5+ V() o
Solving for Y(s) we have

(482 +1)(s2+1) 4 5 1
Y(s) = =4+ = 4.
(5) s° s + 3 80

Taking inverse Laplace we obtain

5 1
) =4+ =2+ —¢*
y(t) +tot"+ o
t

(b) / YT g —1- 9V, y(0) 0.

t—T

0
Notice that the above equation can be written in the following form

(y’(t) * \2) =1-2v1.

Taking Laplace transform of both sides of the above equation and using
the Convolution Theorem and the given initial condition we have

o) (ety) -2 -1
r1/2) 1, I(3/2)

s1/2 s $3/2

sY (s)

Solving for Y(s) and using the facts

o(3) e 2)-H(2) -

we have
1 1 1
Taking inverse Laplace transform we have
2
y(t) = p VTt

2.2 Fourier Transforms.

2.2.1 Definition of Fourier Transform.

1. Let F = F{f}.
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0, r<—1
(a) flx)=¢ -1, —-l<a<1
0, > 1.

Notice that f(z) = g(z) + 2H (x — 1) where

0, < —1
glz)y=4¢ -1, —-l<z<1
0, x> 0.

and H(x) is the Heaviside function.

(F{g})(w) = 7 g(x) e ™" dx :/1 —eT T gy

1 [ i iw} 2sin w
=—|eW—ev| =—

iw w
rx=—1
Now from 2H(z) = 1 + sgn(z) and the result in Example 2.2.6 we
have
2

(]:{H})(w) =21 (w) + o

Therefore

Flw) = _ 2sinw 4 emiw <27r6(w) + 2)
w

W
_ _4sin w +27re*i“5(w) _ 21 cos w.
w w
0, <0
(b) f(x)=} 2, 0<z<3
0, x>3.

Fw)= 7 f(z)e ™% do = /3 Te T dy

0

r=3 .
R 1+ iwz _ - diw 1 — e + 3iw
w? w? '
=0
0, <0
c T) =
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= / f(z)e ™ dx = / e e T dy
—o00 0
- _ 1 e(—l—iw)z — 1
1+idw 1+iw
=0
_ —(bx)? _ Ja
(d) f(z)=e where b = 3
oo oo
Fw)= / f(z)e ™% dg / e~ (00)" g g
(o) o (o) o 2
= / e~ (b2)"—iwe go — / exp (— (bx + %)2 — Z;)Q) dx

zexp<—Z;)22) 7exp< (ba:+2b) >d:c

If we change the variable z in the last integral by ¢ = bx + % We have

2b
2 1 3
F(w) :exp(— Z}b2> 3 / et dt

azx
Since exp ( — 7) is continuous everywhere, from Theorem 2.2.1 it

follows

exp<—2> %\f / exp< )e"’““‘dw
\f / ex p<—;)a) {cos (wz)+isin (wx)] dw. Comparing the

real and i 1mag1nary parts, from the last equation we have

/ exp(—l}) cos(wx)dw_zw\/;exp(_a;)
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oo

/ f —zwr dl‘ _/ —x a 1e—uum dac
— / e—(1+1w)m xa—l dr

0
If we introduce variable ¢ by (1 4 iw)z =t we have

[ I(a)
F el = .
(w) = (14 iw)e / ¢ (1 +iw)e
0
e, <0
3. =
/(@) { e 2 x>0.
/ f —zwmdx_ / 2x —iwwdx+/e
—0o0 0
_ / 6(271&1)2? dx +/ e —(2+iw) z g
—00 0
1 =0 1 0
= (2—iw)x _ —(2+iw)z
2 —iw © 2 4w ¢ o
1 1 4

Ty i 24w (2 —iw)(2 +iw)

4f(){cosax, x| <1
A W) 2| > 1.

1

= / f(z)e " dr = / cos ax e~ " dx

-1

1
/ (eiax _|_e—iaac) e—iwx dx

-1

N =

I
N[ =
\H

(ei(a—w)x + e—i(a+w):c) dr

-1

—2z e W o
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r=1

1

1 1 ) )
— (=  ila—w)r _ —i(aw)x
Q(i(a—w)e ilatw) )

r=—1

sin(w—a) sin(w+a) .

w—a w+a
0, z <0

5. 1) = {
g(x), x>0.

(FUNCw = [ fa)e = [ e do
—00 0

= (L{g}) ().

6. f(x):{cosx, x| <7

0, |z > .

oo ™

F(w) = / fz)e ™" do = / cos xe W dx

—T
T

_ 5 / (e’LZE +e—zm) e~ Jo

—T
T

:% / (ei(l—w)fc +e—i(1+w):ﬂ) dx

—T

_ 1 ( 1 ei(lfw)a: _ 1 efi(lfw)z)
2 \i(1 —w) i(l1+w) o
sin(w— 17 sin(w+1)7 _w sin (wr)
w1 wH+l 7 1 —w?

For |z| < 7 the function cos x is continuous, and so by Theorem 2.2.1
it follows

1 7 i ;
Ccos T = — / w ST sin (wr) e dw
0 1 — w?
—o0
1/wsin(w7r) (wz) + isin (wz) | d
[ ———— 7 | cos (wz) + isin (wz)| dw.
T 1 — w?

—00
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Comparing the real and imaginary parts, from the last equation we

have
0 .
/ w cos (wz) sin (w) do = 7 eos &
1—w?
—0o0

For |z| > m we have

/ w cos (wz) sin (w) do — 0.
1 —w?

N —

(FdfH)(w) = 7 f(x) cos (wa)de = = /Ooe‘” [eiw‘” + e‘W] dx

1 7 . ) 1 [e(—atiw)z (—a—iw)x ]
_ 5 / |:e(a+zw)a: + e(azw)w:| de — 5 |:6 n e :|
0
a

—a +w —a—wWw |,

a? 4+ w?’

(b) f(z) =", a>0.

x —a+tiw)x —a—iw)x X
_ i [ (—atiw)z e(azw)as:| do — i |:e( ) - el ) ]
2 ) 2| —a+iw —a—1iw | _g
o w
a2 +w?’
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1
—e
24

2iwx

—(atiw)z e

(a —iw)? (a+iw)?

_ 1 [ L1 } ., aw
2 | (a—iw)?  (atiw)?]  T(a? +w?)?’
(d) f(z) = (1 +z)e ™, a>0.

(Fe{ ) (w /f cos (wx) dx
0

1_"_$ —axr [elwl +e—’LUJI:|

w\»—*

(1 +LL‘) |:e(a+iw)x +e(aiw)z:| dx

DO =

0\8 0\8

1 —(atiw)z l1+a+ 1w T o
e —
2 (a+iw)? a+iw|,_,

+1 e—(atiw)z 2wz —“1-(1+z)a+(1+ x)zw} o
(a —iw)? o
2

(a? +w?)?

.H(x):uo(x):{o’ r<0

1, =>0.

It is easy to see that

1 1
H() = 5 + 5 son(a),

where the signum function sgn(x) is defined by

-1, =<0
sgn(z) =< 0, x=0
1, x> 0.

Using Example 2.2.6 and result (2.2.12) we have

(FOD @) + 5 (Flsgn)) (@)

l\DM—A

(F{H}) (W) =

)

—l—az+iwe 1+4azx+iwz]™
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9. (a) F{sin (wox)H (z)}Hw) = / sin (woz) H(x) e ™% dx

— 00

= 211 e~ (Wmwo)im F () da — % / e~ (WoW)iT I (41 d:
1 . 1 R
=5 (F{H})(w — wo) — % (F{H})(w + wo).

Applying the result of Exercise 8 of this section we obtain

(F{sin (wox) H (2)}) (w)
= 212 (ﬁé(w —wp) + w—iwo) — % (775(w+w0) + w_iwo)
= ; (ﬂé(w —wp) — O(w +wo)> + ﬁ.

(b) F{cos (woz)H (z)}(w) = / cos (woz) H (x) e ™7 da

— 00

17 , 17 ,
=3 / e*(“*wo)”H(x)dx—f—i / e~ (@otw)iT (41 de
—00 —o0

1 1
=3 (F{H})(w — wo) + % (F{H})(w + wo).
Applying the result of Exercise 8 of this section we obtain

(.F{cos (wox)H(x)}) (w)

1 i 1 i
=5 (yré(w—wo)+wwO> +5 (wé(w+w0)+w+wo>

™

= 2 (0= + B ) ) i

2 w? —w,
2.2.2 Properties of Fourier Transforms.

1. Let f(x) be an integrable function on R ( / |f(z)|de = M < o)
and let F(w) = (F{f})(w).
Bounded:

For every w we have
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|F(w)| = / F() e di| < / ’f(x) T / ‘f(x) "
Continuity:

Fix wg. Then

|F(w) - F(w0)| = / f({L‘) e~ WwT _ f(LL') e~ WOz 1.

< / | f(2)] |e7" — e | da.
—00

—iwT

Since e is a continuous function we have that for every € > 0 there
exists § > 0 such that

—iwx

|e — e‘i“’°$| < ¢ for every w such that |w — wp| < 9.

For |w — wg| < & we have

|F(w) = Flwo)| < / |[f(@)] |e7" = e7 0] du < € / |/(z)] dz =

Me.

. Let F(w) = (f{ﬁ})(w) =melvl,

_ 1
T 14 a222’

(a) g(x)

By the dilation property of Fourier transform we have

el
(Flo(@)})(w) = ‘%| (%) = Tzﬂ'e a
(b) g(z) = mj

Write f(z) in the following form

1 eiaz 1 efiaz

9@ = Ty

From the modulation property for Fourier transform we have
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(Flo@)}) @) = 5 Flw—a) + %F(w +a)

2
- g€‘|“‘“| + = emltel
1
3. Let F(w) = (F{e ™ H(2)})(w) = a+iw

Then
(F{e* sin bz H(z)})(w)
1 , 1 )
=5 (]-'{e’b"” e H(l’)}) (w) — % (]-{e’zb“" e a* H(x)})(w)
From the modulation property for Fourier transform we have

(F{e ™ sin bz H(z)})(w) = %F(w—b) - %F(w—i—b)
1 1 1 1 b

:Za+i(w—b)_ia+i(w+b) (a+iw)2+b2'

4. From the previous exercise and Parseval’s identity we have

r 17 b2

/ e™2% sin? (2bx)H? () do = — / ——— dw
o 2m o |(a+iw)2 +b2‘
Since

l(a+iw)? + b2|2 = (a2 +b? — w?)? + 46°w? = (W? + a® — b?)? + 4a?b?

and
/ e 2% sin? (2bx) H?(x) dx = / e 2% sin? (2bx) dx
e 0
6—2(13: ~
= ( —a% — b? + a® cos (2bx) — absin (be)) B
b2 -
T da(a® 1 0?)
we have

dw m
/ (w2 + a2 —b2)2 +4a2b?>  2a(a? +b2)’

—00
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1

5. Let Let F(w) = (F{m})(w) = e~ v,

Parseval’s identity implies

e L 202wl g
/ @2+12 27 ) "€ n

0 00

_ E 2w z —2w _ z
=3 / e dw + 5 / e dw 5"

—00 0

. Let f(z) = (f_l{F(w)})(m)

1

F = .
(2) F(w) w? — 2ibw — a? — b2

Notice that F'(w) can be written as

1 1 1 1

) = o ato) e w—(—att)

7

Using the modulation property and the Table of Fourier transforms

we have

(7 ﬁ}) (x) = 5 et sgn (z),

a+ bi
1 i L
—1 — 2 o(—a+bi)iz
o ) @ = e snta).
Therefore,

@) = (FHFPW)}) @)

= 21 (f‘l{m})@ o (f‘l{m})@

1 . 1 4 )
% %eaxz—bw sgn(ac) _ % %e—awz—bw sgn(m)

1
=5 e~ sin (ax) sgn(z).
w
(1+iw)(1 —iw)’

Notice that F(w) can be written as

(b) Flw) =
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11 1 1
T 214w 21 —dw

F(w)

Using the Table of Fourier transforms we have

f@) = (FH{F@)}) @)

(f_1{1+1iw})(x) - % (f_1{1 jiw})(x)

e " H(zx) — %e“’ H(—x).

w
(1 +iw)(1 + 2iw)?’

Notice that F'(w) can be written as

(¢) Flw) =

1 1 1
= — — 2 — + 2 .
1+ iw 1+ 2w (1+ 2iw)?

F(w)

Using the Table of Fourier transforms we have

@) = (FHFPW)}) @)

= (Pl{ulz‘w}) _2(f_1{1+12m}) +2<f_1{m})
Sl ter e G E e B o Cewmwd)

:efo(x)fex/QH(x)f%:re’z/QH(x).

. Let f(x) = (.F_l{F(w)})(m)

w
w2 +a?’

(a) F(w) =

From the Fourier Transform Inversion Theorem it follows

1 yi : 1 7 w i
f(x):§/F(w)eW’”dw:% w2+a26’xdw.

First let x > 0. To evaluate the above improper integral consider the
upper semicircle {z = Re?, 0 <0 < 7}U{r: —R <z < R}, where R
is sufficiently large such that the point z = ai is inside the semicircle.

From the Cauchy Residue Theorem we have
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oo oo

WT o w 1w
Z 12T — ) — ai_ e — 5 ,—AT
:27rRes<me ,Z—al)—27rfu, 5 =mie %%,
Therefore

If x < 0 working similarly but using the lower semicircle and the pole
—ai we obtain

3
2 —iw)(1 + iw)”

From the Fourier Transform Inversion Formula it follows

(b) F(w) =

17 . 17 3 ,
= — F WL Jy = — 7 pwm g,
f@) =5 / Wedw =50 | armarw ¢ ®

If £ > 0, then consider the contour integral

F(z)e"** dz,
CRU[7R7R]

where C'r is the upper semicircle and R is large enough such that the
only simple pole of the function F'(z) in the upper half-plane is the
point z = i. Since

3e'* , . 3(z —1) _
te( ey 7= = g me =

Therefore, by Cauchy Residue Theorem we have

1 . . _
f(z) = %2m(—ze T)=e".
If x < 0, then consider the lower semicircle in which case the only
simple pole of the function F(z) in the lower half-plane is the point
z = —2i.

From

3 izx 3 2 izZx
Res(%, 2= —2i> i DGR e
(2 —1iz)(1+12) z——2i (2—14z)(1+1iz)
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and Cauchy Residue Theorem we have

fl@) = %27”'( —ie*) = e,

w?

(c) F(w):m, a> 0.

From the Fourier Transform Inversion Theorem it follows

17 , 1w
- [ Pwerdw=— [ —“ _aw.
/(@) 27 / (w) e du 27 (w2 4 a?)? ~

If > 0, then consider the contour integral

F(z) e dz,
CrU[—R,R]
where C'g is the upper semicircle and R is large enough such that the
only pole of second order of the function F(z) in the upper half-plane
is the point z = a:. Since

22 ivn ) . d ((z—ai)?2?
Res<7(22 ) e z= az) = Zlggz e (7@2 T+ a2)? e )

—ax

4a

e
=—i

(1 - ax),

by Cauchy Residue Theorem we have

flx) = 1 271 (—1) e;:w (1-azx)= e‘ZI

(1 - ax).

If £ < 0, then consider the lower semicircle in which case the only
double order pole of the function F(z) in the lower half-plane is the
point z = —ai.

From

22 , ) . d ((z+ai)?2? |
Res (G @™ == —ui) = lim, & (ramr <)
=—i Z—a (1+ ax),
by Cauchy Residue Theorem we have

1 ) ) eax e+am
flx)= %2m(—z)ﬂ (1+az) = (1+ ax).
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—iw

e

=—-, a>0.
w? + a2’

From the Fourier Inversion Theorem we have

17 ,
— —1 _ T
f@) = (FHFW}) @) = 5 / F(w) " dw
—o0
1 s e~ w ) 1 s eiw(a:—l)
- [ L gwegy=_— [ C 4.
o _/ w?—l—a26 w 2m w? + a? w
o0 —o0

If # > 1, then consider the contour integral

F(2)e™" dz,
CRU[fR,R]
where C'g is the upper semicircle and R is large enough such that the

only simple pole of the function F(z) in the upper half-plane is the
point z = ai. Since

i(z—1)z i(x—1)z

e . . .\ € . —a(z—1
R€S<m, z:al) :Zh*{lgz (Z—al)m = —2%6 ( )
Therefore, by Cauchy Residue Theorem we have

1 1 1
= — 9 (—i)— —a(z—1) _ — —a(."c—l).
J@) =g am(=ig e 20 ¢
If z < 1, then working with the lower semicircle and the simple pole

at the point —ai we obtain

1
— — ea(z—1)

. Let Y = F{y}.

() () +y = 5 b,

Taking Fourier transform of both sides of the given equation and using
Theorem 2.2.3. (differentiation) and the Table of Fourier transforms
we obtain

. 1

Solving for Y (w we have
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1
Y(w)=——"—5—.
W= T+ 1
By partial fractional decomposition we have
11 i1 il
2 (w—-9)? 4dw-—1i 4wti
1 1 1 1 1 1

2(1+z‘w)2+11+z'w+11—m

Y (w)

Taking inverse Fourier transform and using the Table for Fourier trans-
forms we obtain

y(x) = %xe‘x H(z)+ ie‘x H(z) + iex H(—x).

Alternatively, we can find the inverse Fourier transform y(z) of Y (w
by the Fourier Inverse Theorem:

y(a:):(}'_l{Y(w)})(x):% / Y (w) € du
1 T 1 o
=%£ Trep@ien

If > 0, then consider the contour integral

F(2) e dz,
CrU[—R,R]
where C'g is the upper semicircle and R is large enough such that the
only pole of order 2 of the function F'(z) in the upper half-plane is the
point z = i. Since

izZx

res( Gy 2= = (- E i)

= —z& e "(2z+1)

by Cauchy Residue Theorem we have

1 P . 1,
y(z) = o 2m(72)1 e "(2x+1) = 1€ (2z +1).
If x < 0, then working with the lower semicircle and the simple pole

at the point —i we obtain
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() v'(z) +y=f(z), F=F{f}

Taking Fourier transform of both sides of the given equation and using
Theorem 2.2.3. (differentiation) and the Table of Fourier transforms
we obtain

wY (w) +Y(w) = F(w).

Solving for Y (w) we obtain

1

YWl =5

F(w).

Using the convolution property for Fourier transform we have

where

g(x) = (Fil{wil—&— : () =e "H(z).

Therefore,

vw) =gla)+ f@) = [ srte-wdy= [ sy
—00 0

(c) y"(w) +4y'(x) + 4y = e 1",
Taking Fourier transform of both sides of the given equation and using

Theorem 2.2.3. (differentiation) and the Table of Fourier transforms
we obtain

(iw)?Y (w) + 4iwY (w) + 4Y (w) = 2

w2 +1°
Solving for Y (w) we obtain

2 1

Y@ =5 v

Using the convolution property for Fourier transform we have

y(z) = g(x) * h(z),
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g(x) = (fl{w22+1})(x) — el

h(z) = <}'1 { m }) (¢) = w2 H(x).

Therefore
y(z) =, (e*m * xe 2 H(:C)) = / e*‘w*yly e 2 H(y)dy

_ / e~ 12=ly =20 gy
0
If £ < 0, then |z — y| = —z 4+ y and so

T 1
y(z) = e / ye dy = 3 e’.
0
If x > 0, then
y(z) = / e Vye dy+ / e " ye 2 dy
0 T

oo

x
zez/yefgydy—i-e*z/ye*ydy
0

%w (1—e3" —3ze™") + e 2 (1 +2)

e 86—236 e—2;c
=—+ -

—2x
9 9 3 + ze .

(d) y"(x) +3y'(x) + 2y = e7" H(x).

Taking Fourier transform of both sides of the given equation we obtain

1
iw)2Y WY 2Y = .
(1w)?*Y (w) + 3iwY (w) + 2Y (w) it 1
Solving for Y (w) we obtain
1 1 1

Y = = .
(@) wit+l —w?+3iw+2 (wi+1)?(wi+2)

By partial fractions decomposition we have
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1 1 n 2
(wi+1)?2 wi+l wi+?2

Y(w) =
Taking inverse Fourier transform we obtain

y(z) = xe—axH(v) — e—xH(x) + 2¢ 2 H(x).

10. Let Fo(w) = (F{f})(w).

Since f is integrable we have

lim f(z) =

Tr—r0o0

Using the integration by parts formula we have
(F{}) (w / f'(z) sin (wz) dz
0

= f(=) sin (

—w / f(x) cos (wz) dr = wF,(w).
0

=0

11. If f is a function which is integrable and square integrable on (0, 00)

with Fourier cosine transform F, and Fourier sine transform Fj, then

0/F<w>2 =’;0/\f<x>2
O/F<w>2 =’;0/\f<x>2

We will prove Parseval’s formula for the Fourier sine transform.

Let

be the odd extension of f(x). Then
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= ] o
0
/ et /m is
o o
[ s s

flx) (e*“” - ei“’””) dx

=-2i | f(z)sin(wz)de = —2i (F{f})(w).
/

Therefore,

(R = 5 (FIED@).
Jlrnof =t [ ool e
0 0

=3 / (FU @) do

by Parseval’s formula for Fourier transform

oo o0

:%277/ fo(x)fdng/

— 00 oo

2
fo(x)‘ dz
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