Chapter 2
P2.1

A simple lossy medium with no source is assumed. Hence

V-E=0 (1)

V-H=0 2
From (1) since E = E(z) only

~

oE
£=0 3
= (3)

EZ = Constant in space

This constant has to be zero since Maxwell’s equation are not satisfied by a spatially constant

oscillating field, another way of saying this is

V2E, +k?E, =0  (4)

Is not specified by EZ = constant, unless k? =0. If k = @\/Eg =0 we have static fields and not

time harmonic fields. The transverse part of the electric field E, satisfies

d%E,
dz?

whose solution is
- - e+jkz
Et =Ep o-ikz (6)

Let us examine one of these solutions and find the corresponding magnetic field from Maxwell’s

+k?E,=0  (5)

equations.

Substituting

E =Ej e

in the equation

— joH =V xE

we can show (2.2) where m is given by (2.5)

29



P2.2

The well known boundary conditions at PEC are
E,=0 , H,=0

If A=2from (2.23)

E=nE,(z) =ZE,(2)

VoE:aE“ =6EZ 0
on 0z
Zn

1L

AN NN NNNNNNYN

PEC
<FigureP2.2_1>

Similarly from (2.25)
H=H,(z)f and since VeH =0
oH, _oH,

oz on
The variation of E_ and H, near the boundary with the z-coordinate are sketched below

<FigureP2.2_2>
E:

H

]

P2.3

(@) In a good conductor the displacement current joeE may be neglected in comparison with o

E. That is the implication of saying T >> 1. This is equivalent to approximating k by ,from
(2.4),
k? ~—jouc (1)
Thus the fields, including H satisfy
VH- joudd=0 (2
Since H= —9I:|(z) 3)
)~

H i ~
7~ JoncH=0 ()
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d’H =~
7 -1°H=0 (5)

r=Jjouc=Jouc &”M=J2%§CﬁjD:%ﬂﬁjD

0= L Skin depth

JAuo

~ [coshz
(b) H= (6)

sinh 7z

Since tis complex, we need not consider separately trigonometric functions. We choose the

even function, with respect to d, coshtz because of the boundary condition
H  =H @

Thus we choose

H = A coshtz (8)

A may be determined by imposing (7) and (8)
H,=A coshtwd (9)

Now (8) becomes

~ cosh tz
H(z)=H, cosh td

(10)

(b) After we neglect the displacement current we have the Maxwell’s equation
J=VxH (11

Substituting for Hin (11) we get

J=%J, (12)

sinh tz
' cosh d

Where J=1H (13)

(c) From Poynting theorem, we note that the time averaged power consumed by the material is

given by
1 1 z=d|]

P= j _[ _[ Z—dxdydz , (Ohmic loss)

(o2

~‘2
x=0y=02z=-d
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Evaluating

.. 2d . 2
| H |2 sinh — -sin —
P= 1 0 o
a0 coshE + C0S 2d
) )
P2.4
1(z, t) CylAz Hz+Az t)
4 TOTO |€ L
L'Az
Wiz, t) C'Az — WViz+Az t)
Do

<FigureP2.4_1>
From KCL at B

.0
I(z,t)-1(z+Az,t)=C Aza(z,t)

Divide by Azand take limit Az —» 0

_ol@zt) _~, 0
oz =C at(z’t) @)

From KVL, ABCDA loop

0 Az
V(z,t)-V Az,t)=L'Az—1(z,t)+—| I (z,t)dt
(20)-V(@+azt)=L'az_ (2 )+Céj(z)

Again divide by Az and take limit Az — 0

0 ol 1
——V(z,t)=L"—(z,t) + — | I (z,t)dt
V@n=L_( )+Céj(z)

Differentiate partially with respect to t

2
_vEYy_ a1

+—1(z,t 2
ozot o’ Cy (2.0 @
From (1)
2 2
0 I(zz,t):C,OV(z,t) 3)
01 ozot

From (3) and (2)
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2 2
L@y o | 2fey 1
0z ot Co

2 2 '
a I(Zzlt) _chra I(gyt)_cl I(Z,t)ZO (4)

01 ot Co

: . : 0 . 0 :

(b) For harmonic variation in space and time 7t - jo, 37 = — jk. Thus (4) becomes the
following algebraic equation
07 -LC (o) -5 =0 ()

0

which on simplifying gives

2
o’ = K + L (6)
L'C" L'C,
On a o —k diagram this is a parabola and easily sketched by noting when k=0, o =% L’1C’
0

<FigureP2.4_2>
From this diagram it is obvious that for o < ®_, wave does not propagate (evanescent). To find

the slope of the asymptote for large values of wand k we neglect the last term on the right side of

k2
2 Asymptote
(6) and get ® Asymptote =

- LC
Particular case

If C, =0, we have the ideal transmission line and the o, k diagram is the dotted line. Note that

for the particular case , =0
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P2.5

PL i
E =——— givenE (1) =100
»(P) 275 g »@)

2L _100

2ne

E,| %05 = c=s0
2 2

I I
H =— , H)=2 , —=2
¢(,0) 270 ¢() or

¢(2)_ =1 = D=1

(b) For the A.C case, assume received power can be obtained from the power density Assuming

RMS values are given:

Powerdensity
1< p<2, ExH=@(£) épxé =@2

p \p "pt

power = [[ExH-ds = j J' @d podg
p=1¢=0 P
Power received by the load = 4007wt In 2 = 871 watts
Losses: Inner conductor Ex H =0.052Z x 2&) =0.1(-p)
Power entering the inner conductor = (0.1)27(1)30 = 67t watts
Losses: outer conductor

IPower density | =|Ex H|=0.022x1¢ =

Power entering the outer conductor = (0.02)(27)(2)(30) = 2.4z walts

Total Power Loss in the conductor8.4n = 26.4 walts = Power lost in the line

Source power = Load power + losses in the line =871+26.4= 897.43 watts.
(e) Note that the outer conductor is returning the current, the voltage drop in this conductor is
from the receiver end to the source end. So the z component of the electric fieldat p=2 hasto
be negative.

E| _,=p50-20.02v/m
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This may also be seen from the requirement that in the outer conductor E x H |p:2 =

power enters the outer conductor from the inner surface at p = 2 and flows radially outward and

gets dissipated.

P2.6

V(2.) =V (z+A21) = L'(2)Az ) (aii)

A"szV(Z’t)_X;HAZ’t) L2 )a|(z 1)
_ V(@Y ol (z t)

5, —r@O—— @
15— e VD
jim L@O=1G@HAZY V(ALY
Az>0 Az Az—>0 ot

_ol(zb) aV(z t)
5 —c@O—— @
From (1)
_M: L'(2) 8IZ(Zat)_I_(ﬂ(Z,'[) dL'(z2) -
oz’ ozot & dz
From (2)
oot C(@) o2 4)
From (1)
Z![ Ll v )
'(2) E3

Substituting (4) and (5) in (3)
_8V2(z,t):L,(Z){ C(Z)av } { 1 6V}8L(z)

0z L'(z) oz | dz
ov? (z t) _ av2 1 oL'(z)ov
A) ————==-L'(o)C (z) L'(z) & E_O
(B) L'(2)C'(z) = L,e*C,e" = LOC0
1 oL'(2) 1 a
= qL.e™ =q

L'(z) dz L,e®
Therefore (1) becomes

oV ? ovi oV
——LC —=0
oz e 0

For harmonic variation
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V =Vel*w
| i) = L,Co (jo)? — (— jka) =0
—k? +L,Co0® + jkg =0

1 .
a)2:+LC (2—jkq)

0~0

P2.7

y=jk=a+ jﬂz\/(%+ ij{%vt ja)j»\/L'C' =(%+ ja)j\/L'C' = R'\/%wt joJL'C’

R'+ jol’ L’
y AR AT L Y L
G'+ joC’) VcC'

P2.8

H(x) =2y + j2le™ (1)
(a) 7,Hxk=E; k=%
E(X) =7,°[§ + j2]e"*x(-%)
=2n,[2+ j(-9)e™
= 277,[2 - j§)le™
E(x,t) =7,2[2 Re(e™e'") - y Re(e™e"%e!)]
=1,2[2cos(wt + kx) — § cos(at + kx + 7 / 2)]
We can simplify further, noting cos(z/2+68) =-sin@
= 2n,[Z cos(at +kx) + §sin(at +kx)]
(b) E(O,t) =27,[ysin et + Zcos wt]
Let us set up the transverse plane as shown and set up in the table and the circle
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ot  E(O1)
0 22
T .
— 2
> M,y
Electric Field
Figure 1

<FigureP2.8_1>
We note that as t increases the circle is traced clockwise in Figure 1(Electric Field). The

direction of propagation is k =—%, into the paper. You need a right hand to describe the rotation,
the thumb of the right hand into the paper, the other finger curve clockwise: R-wave

(€) H(X) =2[§ + j2]e*

H (x,t) = 2[§ cos(t + kx) + 2 cos(awt + kx + 77 / 2)]
=2[y cos(awt + kx) — Zsin(wt + kx)]

H(0,t) = 2[§ cos wt — 2sin wt]

wt  H(O1)
0 29
Ay

2

Magnetic Field
Figure 2

<FigureP2.8 2>
Once again we see from the clockwise rotation, that it is R-wave

(d) < S, (X) >:%Re[li>< H']
_ % Re{[17,2(2— j9)e™Ix[2(§ - j2)e ]
_ % Re{7,4(2— i9)x (§ - j2)}
=%Re{7704(2><)7— jix2- [§xy-9x}

<Sp >= % Re{rn,4(-2X)}=—-4n,X as expected

Instantaneous Power Density
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S(x,t) = E(x,t)x H(x,1)
= 2n,[2 cos(at + kx) + ¥ sin(awt +kx)]x = 2[ § cos(awt + kx) — Zsin(ewt + kx)]
= 4n,[2x § cos® (wt + kx) + (¥ — 2) sin® (wt + kx)]
= —4n,%[cos’ (wt + kx) +sin’ (wt + kx)]

S(x,t) =—4n, K W / m?

P2.9
d=il4

C O

Z,=® PEC

Y, =0 5.C
DO
<FigureP2.9 1>
At 9 GHz Yo =i+0=i§2‘1

377 377

Hence there is matching; reflection coefficient is zero at 9 GHz

o C C
-0 y=0
— L1 T,
film D
I 4
77
<FigureP2.9_2>
3x10° 1
For9GHz, A=—r_=>x10"m
9x10° 3

Hence d :lxlofl. At other frequencies d ;t/ysince A
12 4

10° 1 1
changes. For example f =18 GHz, A = 3x 09 :—xlo‘l,HenceQ:—
18x10° 6 A2
Hence
1 1 1
Z -Zy Y. Y, Y,-Y ﬁ_oo
Yoo =00 Hence = —* —t o _ToTh_
ZL+ZO i_,_i Yo _YL —~ 4+
Y. Y, 377

Power reflection coefficient at 18 GHz |F|



© - D
D" Nilm
y=—L g
377
<FigureP2.9 3>
. dii=1/2
CO
Z,=0 PEC
Y, = ScC
DO
<FigureP2.9 4>
. d=1/120m
CO
V4 SC
DO

<FigureP2.9 5>
For other frequencies

Z, = JZ,tanPBd = jZ, tan %d

pd=2"d=2Tqg-_ 2T
c 3x10

N
1
Zin

SNV
roYo—Yeo 377 " 377
Yo + Yo 1 1

Yin + 555
377 377

1
377 [I] Y,
C U

D
<FigureP2.9 6>
Power reflection coefficient |T'|” =




f (GHz) |r|’

6 0.076
9 0
15 0.429
18 1
P2.10
) d=0.9525
CO
Zy 7, =3770
Do B
<FigureP2.10_1>
Analytical Solution
Ei 0.9525 cm
8
8
2g=3cm f=L o310 - =101 =10GHz
Ay 3x10”

A in the dielectric

<FigureP2.10_2>
Find Z, from (2.67),

27 x0.9525

27
where fd =—d =
P A A
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Then =2 =20
Zp+2Z,

Power Reflection Coefficient=|r|*
If you calculate on this basis

Jo €m) [T [ %

20 6.26
10 17
3 1
P2.11
. m =l ny, =1.5
Hm/‘ Hns//‘ =134

90° "

90° - 0,

<FigureP2.11 1>
Make each face at appropriate Brewster angle

0, =tan " - =tan '1.5=56.3°

:|3
=

2

From Snell’s law

Sin 0 = L Sin 0, = 21203
n, 1.5
0, =33.7°
0p, —tant e _ a3 g0
n, 1.5

Oy, — 0y, =56.3-41.8° =14.5°

Angle between faces

0, =180—(90+6,)—(90-6,,) =180 -180 -6, + 6,, =41.8° -33.7° =8.1°
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P2.12

If the reflected wave has no parallel polarized component the angle of incidence has to be the

Brewster Angle

1—x—>54——104_x —_—

g, =81
<FigureP2.12_1>

0, =05 =tan™ |2 = tan 9 = 83.66°
&

tan O :9:% — x=90

Al 10:]2—x ) 104hi o0 %" tanll95 :%
h, = 10°-90 1101.9 meters
P2.13
(@) f =60 A= 32108 =5x10° meters
= A, <27 _2rx5x107 6x10°°

A0 5x10°
tan ﬂlz =0 .. Zin :ZL =short
Thus the circuit

f,=10cm c

200 Q2
S.C
60.20°

D

<FigureP2.13 1>
Once again when |, =10cm, tangl, =0 and the circuit reduces to
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e

200 Q2

60207

<FigureP2.13_2>
= 0020 0.32£0°

gs

3x10°8
1.5x10°

I, =5cm |, =A/4 Therefore the circuits

=2x10"=0.2cm

() f=15GHz A=

[ =10cm
Ac- —_0

200Q oc

BO 1
D4

<FigureP2.13_3>
|, =4/2 .. The circuit reduces to

I

—DgsA

200 Q

200 2
6020°
B
<FigureP2.13 4>
=020 545,00

P2.14

free space

medium 0 medium |

£

<FigureP2.14 1>
sing, = sin(%— etj = C0S6,

43



. . 4
sin@, >sind, = =—

€,.&y Jgr

i.e. COSH, >—

T

From Snell’s Kk,sin 6, =k;sin 6,

sin 6, = ﬁsin 0, = isin o,

WO

c0sH, =+/1- sin? 1——S|n T
1-Lsin 20, > 1
& E

r r

g, -sin%0, >1
g, >1+sin’0,

To accommodate all angles (including ©, =90°)

medium 2 &,=1

medium 1 ¢ =81

<FigureP2.15 1>
When 0 =0_ there is totally reflection

So maximum value for 0, so that there is a transmitted wave is given by

Xy

tan O, =tan 6 = —
d

. n, 1
However sin 6, =—2 ==
n 9
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tan 0, =—=

Jso  d
v =9 _0.112d
N
P2.16

t B 1 ,— jkyxsin 6, — jkyzsin 6
E{ = yT,Ege X% e len® 19, > 0,

sin0, = M2 sino, [0, >0,
Ho€,

cos 6, =1-sin’ 6, |6, >0,

& .
= (1-£%in20 |6 >0,
Ha&
—jkoz cos6, _kzz\/ﬂli?sng'_l
e JK2 t—@ H2&2 |0i>ec

L EL = yT,Ele % g7 (1)

nZ
Where o, =k,.[-5sin’0, -1 ,0, >0, 2)
n2

B, =Kk, M sin 0, (Note 6; same as 61)
n?_

0] w Vp2
V=g = . < O
e k,-Lsing —Lsing
n; ny

o , .\ Ed
The magnetic field HY = (-X cos @, + Zsin 6,) ==
2

In medium 2

1 *y _l t o t*
(8) =5 ExH)=(S,)=2 (B xH,)

(4)
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= zi JTEL e7oe? g lfeX {(—)2 oS @, + 2sin G,)TSEL e™%? e+iﬂeX}
2

2| =1 2
2 T.|"|E
=~ 130§ 1™ sin2g,-1 +ﬁ(ﬂsin29iJ Me‘z‘”eZ 0, >0,
2 n2 n2 2

The imaginary part is given by

R L
(S))=+22 || Lsing | ~1—21e2% g >0,

2 | m2
Inthe above ny = 160

Ny =~/ Hr2€r2

2 =To fr2
€r2

For non magnetic dielectricp,, =p,, =1

P2.17
M
cosd, cosé;
I =
M2

cosfd, coso,

o _Mo . _ M _To

2= g n, t &g M
1 1

r, - n, cosé, - n, cosé; _n cosé; —n, cosb,
1 1 N, C0sé; +n, c0SH,

+
n,coséd, n,cosé;
_ 1.5cos6, —cosb,
1.5cos6, +cosb,

Critical angle sing, = M _ L
n 15

At 6, =6, ,sind, =1and cosd, =0
For incident angle &, > 6,, sin 6, >1 that 6, is a complex angle in such a case the angle &, loses

its physical interpretation as the angle of refraction for the transmitted wave.
We may write

6, = 41.81°
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n,sinéd, =n;sin g,

. n .
sin@, =—1sing,

ny
/ 2 [n2
cos &, =\/1—sin26?2 = 1—n—125in2¢9l =—] n—lzsinzé?l—l
nz 17

Note we have chosen v—1 = —j so that

n2 2
(~ikoz) —j | 5sin® -1
o~ kozcosd _ 4 N2

n2
—koz —125in29171
=e n2
And the wave attenuates in the +z direction
For the problem in hand, compute based on

2
: nf
C0s0, = j|costy| = - j | —sin® 6, -1
nz
2
[cos,| = |=2-sin? 6 —1
nz

. C0S6; + jny|cosé,|

= —Ir.le s
® n.cosé, — jn,|coss,| sl
|FS|:1
_1[ Nz|cosé,|
_ T, 2tan | MelC0S
& s =<t ( n, cosé, J

Calculation of two typical values

o |c0s8,| = /1.5%sin? 6, ~1

41.81° O
60° 0.83

180° |-
95.76" |-

0
6. 60° 50> U1

=41.81°
<FigureP2.17_1>

¢, = 2tan ‘1{—|C0302|

1.5cos6;

95.76°

|
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Similar analysis can be made for p-wave.

P2.18

@) From (2.122)
|:|q> =—k, ) Hg (koU)
U

=k, a Hl(Z)(kop)
u

From Ampere’s law

§H¢o||=|0 (1)

Even if ¢ is a circular contour with p—0. Approximate H®(k,p) in the limit kop—0, using
(2.127)

R
Also
di=pd @ (3).

Using (2) and (3) in (1) and we get
Limit kop—0

§k Aj2 1 L g,

. M T Kep

A j21 _
k°77k_ojo dg=1,

_ My
AO J4I0

(b) From (2.128), (2.129) and their large argument approximation for k,p—o0, we have

~

EZ _ ke I / 2] plkor
limkyp—soo0 4 ﬂkop

J Ko™ [ 2] ipo i
H —__0 | 1 e JKop e 4
|imk0p(13m 4 ’ ﬂkop

Note

H (2) (kop) e Jkope 4e z
g = M =T

H¢ je]T

Kop—o0

There the real part of the Poynting vector is



<Sq >:%Re[I?x H:*]

_1E[
2 1,
1 k0770 ‘I ‘ 2
2 167, Ko p

‘ro‘z Ko77g

167p

<P> per meter length

P2.18b

From (2.128), (2.129) and the large argument approximations for k,p — c we have

E, -- Ko7 T 2] g-ikop
kop—)oo 4 ﬂkop
H .37
H¢=—J—k° I 2 gt ol
paeo 4 7k, p

T
o HO o= | L stor 55 e

kgp— ﬂkop
Ez _ 1’]0\/7 _
H~ - jej3n/4 =Mo

[

Therefore the real part of the Poynting vector is

~ 2
(Sp)=+= Re[ExH] 1|E| ;‘;EZO‘ ‘ ip:‘llol k;)zZo

(P) per meter length = ‘Ilol koo Zjo JO pdgdz = ‘ O‘ kO;ZO 27 ‘ 23‘
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P2.19

EG) = [(75¢/5a, + 750 75a,) + (25¢/%a, — 25¢ i, )| e~Tko>

Term 1

Z
I

v
b

Term 1

Left-hand circularly
polarized wave

<FigureP2.19_1>

-

P2.20
X
B A
«— 3 mm ——»
Free
Space €rp = 4
- » I
R «—
B A

€r3 =9

Term 2

L 4

Right-hand circularly
polarized wave
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<FigureP2.20_1>
Assume normal incidence:
E = 2¢/[2110%t~kozlg YV /meter

Determine E -
We will do it by Smith Chart

3x108

f= 1OGHZ,/10=W=3 cm
LV 3 x 108 s
2= FT200GH) "
dy_3 _1_ .,
A, 15 5
Zy= [B2=2F 7y, =%, Zp = 1314032, Zs = =7 [1.31+0.32]
3
R = 0.232149°
— — i 149
E' =RE = (0.23)(2)31[2”X106t+k02+mn]dx mV /meter
« 0.2 »
v I A B @ 1 A
Loz
ZA ZA
g @ A
- A 120 2

Z,=————=0.
A 3 120m - 0067
<FigureP2.20 2>
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P2.21

Like homework P. 0.15
X — tang _10000—x
10 "B T 7990
990x = 10(10000) — 10x
1000x = (10)(10000)

x =100
100 \E €

tan @y = — = 10 = —=2 _Ver
10 Ve 1

€x = 100

P2.22

Leteg =n, sinf; =

Snell’s Law

Sk

Z=n?—1; n?=1+4-=¢z =125
4 4
P2.23

(a)
E, =5, cosf; =3/5,sin6; =4/5, 6; =6, =53.13°
(b) Brewster Angle

tan 65 =%=g =tan53.13° = g, VA=4, A=16
1
To find I, use Snell’s Law to fine 8, = 6;, k,sinf; = k, sin6,,
sin@, = % sin 0, = ™M sin 0, = 32 E, 6, = 36.87°
ko ny 5

4 1207 12031’5
€802 =5 M == M2 ==~
1507 2007
r.—_4 3 __7
ST 150 = 2007 25
2z T3

. - 1
,92=§_93’ Sln92=51n(g_93)=cose3=\11_F
1_ i130° = nsin @, = 1 1 _ 2 _1
2_sm =nsinb, =n nz— n
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n 40w m,  30m
cos@; 3/5 cosf, 4/5

<FigureP2.23_1>
P2.24

(A)
Ep has x and z components and the x component is E, = cos 6 and the z component is
—E, sin®. Comparing with E,, = (3% — 49)e~/kx¥*ke2)  E =5 cosf = %, sinf = %,

6 = 53.13°. If the medium is air,n = 170\/”7" = 1207 I; yie

—j(kxx+kz2) - A /meter
120
(B)

E = (6x — 82) cos(wt — kyx — k,z) + 10y sin(wt — k,x — k,z), V /meter
(1) 6, = 6 = 53.13°
(2) 6 = 6, = 53.13°

(3) 05 = ky = ksinfy = k(4/5), k=2(05) =2
A=2E =2 _ 110,05 meters, f——p:M 108 > —0995><107 meters/s,
kK  5/8 5 p) 161/5
©_ . _an_z 3x10% 5 1 5
c 0T 3 10m3x10° 24

~I
(4)E, =10 (%3? — 80 2) g J(sinbyx+cosb,2) ES = 109 cos(90° — (wt — kyx — k,2)) =
109 cos(wt — k,x — k,z — 90°), ES = —j109e S (kxx+kz2)

We have two orthogonal components (pcomponent and s component) which are equal in

magnitude (10), but have a phase difference of g This corresponds to the case of R-wave
equation (0.124). Hence, the polarization is Right Circular Polarization.
(5) Critical angle, 8, = sin"?22, 22 = sin §, = sin 53.13° = 2 n, = (ny)(4/5) = OIONS z
nq nq 3 5 5
144

122
ERZ - (?) - 2_5 - 576, 62 - 5.7660

(6) If the p wave is totally transmitted, then the reflected wave has only s component which is

linearly polarized. Thus we look for Brewster angle.
§=tan932%=%, nz 4’; 6R2:16, 62:1660
1
(7) Since €, = 16¢,, as such in (6) p-wave is totally transmitted. s-wave is reflected.
Therefore, we calculate the reflection coefficient for s-wave.
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M N2
cos 6, cos 6,

| A

<FigureP2.24_1>
cos0, = 3/5, sinf; = 4/5. From Snell’s Law k; sinf8; = k, sinf,, sinf, = %sin 0, =
2

. 34 3 o 120 120
Z_:Slrwl:ZE:E’ 0, = 36.87° cos B, = ,nl——nr]2=TH
| A
401 30m
3/5 3/5
| A

<FigureP2.24_2>

1507 _ 2007 350 7

__4 3 _ _

Is = 1507 4 200~ 1250 25
4 3

Ej = — % (10) sin(wt — kyx — k,z)

Transmitted Wave

Angle of transmission 8, = 36.87°, cos 8, = 4/5, sin8, = 3/5, k, = 4k,, E; =
(8x — 62) cos (a)t — 4k0§z — 4k0§x) = (8x — 62) cos (wt —ky 1?62 — kol—:x)

Note: %ko = %23 =0.5=k, =k,,. Tofind EST Transmission coefficient
Ts=1+Is=1 7_18
5 $T 7 25725
18 36 16 12
ES = y(10) ( )sm(wt kyox —kyox) =y?sm (a)t -k, =z~ ko ?x)

- 16 12 36
Ep = (6X — 82) cos (a)t -k =z~ ko ?x) =y?sm(a)t —kyox — k,ox)

Note: the transmitted wave is elliptically polarized, k,, = 1—52k0, k,, = ?ko.
(8) €, = 25¢,, 6, = 53.13° cosb; = %, sinf, = %- From Snell’s Law,
kysin6; = k,sinf, = 3sinf; = 5sinH,



. 3 . 34 12 o . 21.93
sin@, = Zsin 0, = Pt 0, = 28.69°, cosf, =./1—sin?0, = — = 0.877, p-wave
analysis:

1207

Zon, cos 0; = (40m)(3/5) Z, = -

cos 6, = (24m)(0.877)

| A

<FigureP2.24_3>
_ (24m)(0877) — (40m)(06) _
P (241)(0.877) + (40m)(0.6)
241 407

r.=0877 0.6 _

ST 24w +40T[_

—0.418

0.877 " 0.6
ER = —0.065(6x — 82) cos(wt — ky1x + k,1z) — y0.414(10) sin(wt — ky 1 x + k,12),
V /meter,
Note: that k,, = k,; = k,, = 0.5, inall cases: k,, = k, cos8,, k,; =k, cosb,, k, =
W\H262, by = w16

P2.25

OE,
OE

z

)=—Jou,H

3250~ 90
e’

0 . 0 .
= X(——— (-~ jJE, coskz))+ y—(E_sinkz
( 8EZ( JE, ) yaEZ( o )

= X[+ J(k)]E, coskz + YE _k cos kz
(jR+9)E, coskz = — jou,H

H =—L[)?+—y_]E0 coskz
o,
H = - 2V 15 i9]E, coskz
ou,

(@) H = —i[k— JY1E, coskz

0]



(b) E = Re[& - JY]E, sin kze*
= XE, sinkz cos wt + YE, sin kz cos(awt —%)
E = E,[Xcos wt + §sin wt]sin kz

Ho-1 Re{[% - j§]E, coskze''}

0

E o .o
= ——2{Xcos wt + ysin wt}coskz
o

2

S=ExH=- E, [{(Xcos wt + ysin wt)sinkz}x{(Xcos wt + ¥ sin wt) cos kz}]

(0]
B o o . . N .
=——[(Xx ¥)cos wtsinkzsin wt coskz + (¥ x X) sin wt sin kz cos wt cos kz]

0

__E/ 2[sin 20t cos2kz  sin 2ot cos 2kz
n. 2 2 2 2
=0

c) Time-Average Power Density =0 = TEJ‘OT Sdt

]

—

(d) E = XE, sinkz
E = XE, sinkz cos wt
VxE =—jou,H

o

z

Ry
0 0 %Z=—ja),u0|:I
E. 0 O

< 1 ., OE,
H=- -9

—jou

| OE, = IE, kcoskz y
wu, 0 o,

91 E, coskz

Mo

0

Il
<

H= 95cos kz cos(awt + Z)
/A 2

= —95003 kz sin wt
M,
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S =ExH =XE_sin kzcoswtx(—y)icos kzsin wt

Mo

L E? . )
= -7 —sin kz cos kz sin wt cos wt
N

E 2
S =—-7—"-sin2kzsin 2wt
4n,

2 -
S, =2 E,” sin2kz
4n, T
=0
SinceE,,, =0, z=0o0r d
sinkd =0 kd =mz

k:%:a}\/u?

m=12,...00

.[OT sin 2wtdx

mz

w =
ued

P2.26

- V3 x
K(X,y) =xXK,e = 2
The boundary condition

|Htan1 - Htan2| = lz‘z:O , for all x

: . : . . —J= kX
Requires that the x variation of all field quantities must have the exponential factor e ~ 2
From the equation for the vector potential A

V2A+k§5\:0 , 2#0 1)
And A=A (x2) (2)
3,

~ -]
A(x,2)=e 2
X

0

“A@) O

=k
270
<FigureP2.26_1>

We get the differential equation

V3,
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e 2
A - _ -
aX—(ZX,Z)"'kgAx(Z)"' _Jﬁ kc%Ax(Z):o
oz 2

3 1
Let k2 :kg(l—z] =gk @
J3
kx=7ko (5)

k, COS(0) = %ko , 6=60°
Equation for A, (z) takes a simple form

0*A(2)
2

+k2A,(z) =0
oz
Let us look at the positive going wave solution and negative wave solution.

As (2) = Age I¥2zZ (6a)
Ax (2) = Age™ T2 (6b)
Thus for z>0
/Z\+(Z) — )'ZAoe_j(kXX_"kZZ) (7)
From B=V xA*

K. ~

HY=-j"L ALy (8)
Ho
From VxH*Y =+ joeE"
Ry 2
—jky 0 —jk,|= joE?
0 HY o0
We find
~ _']_ .. . ~
E* = —[Rik, —2ikyJH* (9)
joe
E" = ——[%k, — 2jky Hy
Jog
g+- L [Rk, — 2k, JH T
—_gxz_Z x1Fy (10
_1 )A(k_o_fﬁko}ﬁ;
we| 2 2

N>

:k_o_y( - ﬁ}ﬁ
2

+
y

)
™
N |~



P-wave
<FigureP2.26_2>
This solution is a p-wave (positive going).
The second solution , valid for z <0:

From B~ =V xA~ replace jk, by — jk, in the positive going wave solution.

~ k_Z~

H =] x Y (12)
Ho
Where Ay (2) = Agel¥z?  (13)
~ Kk, ~_.
H =j—2Ay (14
Ho

From VxH™ =+jweE~

E =L R ko) -z Ay (1)

Joge

<FigureP2.26_3>
Following through, like for positive going wave solution

E™ =17, [— )2005(600)— 2sin(600)Jl—~|§ (16)
Now let us relate A to k, by using Ampere’s law as we did in section 2.15

1 jko7
AOZ_EM
a

Now we can write all the fields:
>0
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A*(2)=-j-L ALy =—F2 petkaty
Ho 0
I:|+(X Z):—jk—z _ljkoﬂo —jkyz 7 Kox
, Ho\ 2
1.3
k.c K _JKO(ZHXJ
—_jL_Oe X/
2
1
——joo Ko Jk{ZHX]?
2x2 kg

~ K _jko(ﬁﬁz]
H+(x,z):—T°e Y
ET =, lf( 005(600 )— 7sin (600 )JI—NI;,r

E' = Mo [x cos(60° )— 2sin(60° )] —% e_ o (Sm(mo)”cos@oo)zj

Ao 2) =% e—jko(sin(eoojx—cos(eoojz)y
= [ ) 03(600)—2sin(600)] e—jko(sin(GOOJx—cos(Boo)z)
P2.27
H
P X
. A
PEC

<FigureP2.27_1>

27 x1 1
() k, =\ e, = \/7 ;Txlc?s J16 = 87”; 00 802” rad/s

(b) |:|; = 5 [_ )2C0$(9)+ 2sin (9)]e—jk1(xsin(9)+z cos(6)) (A/m)
n

1
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n, = /ﬂ:ﬂ:@:'\goﬁg
g 4 4

Transmission line analogy Z, =0

(i) T, =1
w E & 5l — jkq(xsin(@)-z
HE :—U—O[xcos(9)+ 2sin (@) Hatxsn@-zeosO) (Afm)
lx
A
0
> I
0
0 Hf

<FigureP2.27_2>
(iii) power reflection coefficient |1“S|2 =1

(iv) H=H! +HF

z=0
_E [~ %cos(0)+ 2sin(0)— xcos(6) - 2sin(g)e @)
m

EO 3 — jkqxsin(@)
=-2—"%cos(@)e

m

H(x,y,0,t) = o5 % cos(6)cos(at —k,xsin(8) ) (A/m)
m

(v) from B.C (0.64) fi,xH, =K , i, =2

K(x,y,0,t) = —25(— 7 x X)cos(8)cos(wt —k xsin(8))

Ui
K(x,y,0,t) =y 2E, cos(@)cos(at —k,xsin(8)) (A/m)
h
(C) € = 9
A
e,=16 £,=9

<FigureP2.27_3>
(i) from (0.145)
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0. =sin ‘1[&) =sin ‘{EJ =48.6°
n, 4

(i) 6, =0, +5° =53.6°

ZU — r]l ZL — f?z
cos 6, cos 0,

<FigureP2.27_4>
Use s-wave transmission line analogy
From Snell’s Law
k,sin &, =k, sin 6,

. k, . n . o 4 . o
sin@, =—sin g, = —sin53.6° = —sin 53.6° =1.074

2 n2 3

cosf, =+1* —1.074% =+j0.3917
The sign choice for cosé, is done on the following basis
ET —E'T ej(wt—kzsinezx—kzsinazz)

ET _ EI-I- ej(wt—kzsinazx)e—aez
Where a, = jk,sind,= jk,(+ j0.3917)
cosd,

For «a, to be positive we have to choose cosé, =—j0.3917

B/ S
Thus T, _ C0s6, coso, L, _ 1207 .1, _ 1207 , cos6, =0.5934
M, | h 4 3
cosf, coso,
11
r - 3(— j0.3917) 4(0.5934) -2.3736 + L1751 1/(180° - 26.33 ): L27 34°
1 N 1 2.3736 + j1.1751 1,26.33°
3(— j0.3917)  4(0.5934)
e HY
2 =T =-12127.340 = =
Hx 7=0 _Jcosele—jklsmel
Ui
H~f _ Ecosele—jk1sin 6,x+127.34°
z=0 77
1
H~XR _ 5 COS@le_jkl sin 6,x+ jk, c0s0,2+127.34°
Th
HY = 5cos@lcos(a)t —k, sin &, x+k, cosé,z+127.34°)
Ui
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E,cosg, 0.0198E

A= "1 Z  (A/m)
™ 4
o = 27x10" rad/s
b=—k,sing, = —80007 i 53.6° = 2146 .47 rad/m

¢ =+k, cosd, =1582.4x rad/m
2¢=127.34° — $=63.67°

<FigureP2.27_5>
(d) E! =E_[xcos(0 ) sin () 0@ +2e0s0)

(l) EI = [XZCOS( i ( ) — jky(xsin(0)+zcos(0))

_3si
(ii) 6, =tan 1(‘9ZJ (

| w

J 36.87°

(iii) At Brewster Angle the power is totally transmitted. Hence the electric field of the reflected

wave is due to s-wave only. We next calculate the reflection coefficient for s-wave.

n, T
4(0.8) 3(0.6)

=
Q

<FigureP2.27_6>

6,=0, =36.87° , cosd, =0.8 , 7, :%0 L, =1

From Snell’s Law k; sin 8, =k, sin 6,

4sin36.87 =3sin b, ; sin b, = g(o.s)= 0.8= 6, =53.13° and cosé, =0.6.
1 1

18 3.2 :
FS :ﬁ=028 f Ts =1+Fs :128
- +7
18 3.2
EF =T.E! = y0.28E, cos(wt — 0.6k, x + 0.8k, z)
The transmitted electric field will have both s and p components. The s component is easily
obtained fro previous work.

EZ :TSEL _ 91_28Eoe—jkl(o.8x+o.6z)
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The reflection and transmission coefficient for p-wave are I') =0 , T, =1 those are confirmed
from transmission line analogy for p-wave and (2.92) & (2.93)

To o5 0, T o5 6,
4 3 ;

p—wave
<FigureP2.27_7>
0.8 0.6

4 3
L= @ =0, cosg; =0.8,cosd, =0.6

4 3
2;7,0(0.6)
T =
" 1,(08)  1,(0.6)
4 3

Note that
R T
r,= Ex (292); T, = B (2.93)
* Ep *Ey,

=1 as expected

ET
If we wish to use T, = %= cosé, T, (2.96)
E, coso,
T - Costy . _4
P cosd, M 3

Thus EL = ngo ()’Z 00392 —7sin 92 )e—jkz(xsin 6,+2c0s6,)

k, =3k, , sin@,=0.8, cosé, =0.6
E' =E, +E] = E,(R1.6+ y1.28— 22.133)cos(at — 3k, (0.8x +0.62)) V/m



P2.28

From KVL V (z,t) -V (z + Az,t) = L'AZ ol gzt,t)

N

[ 1(=t) I(z+Azt) {

=
411}
A}

™

—’

\'(::+A:,f_]

( ) e |

<FigureP2.28_1>
Dividing by Az and take limit Az — 0
_V(z,1) _ L,al (z,1) (1)
0z ot
From KCL

I(z,t)-1(z+Az,t) =C'AZ

oV (z+Az t) Az

Dividing by Az and take limit Az — 0

JAeH oMY L iveha @
0z ot L
Differentiate partially with respect to (wrt) t

2 2
_0°1(z,1) _c oV (z, t) V(z ) 3)
ozot ot? L1
Differentiate (1) wrt z:
2 2
_aV(f,t)zL,a I(z,t) @)
oz oot
From (3) and (4)
1 0%V (z,1) oV (z, t)
— =C’ V z,t 5
L' oz° ot? (2.1) ©)
2 2 i
0 V(zz,t) e V(zz,t) L Yvan=o
oz ot L

v

_[V(z+Az t) dt
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P2.29

Medium2 |

R
W 5
N2
Free Space
Medium 1

<FigureP2.29_1>
(@)

X|:|:|1—H_2]:‘]s
=0

I &
N

—Zx[ﬁl]zjs

. =—Zxycos(3x10°t — 4x)

X cos(3x10°t — 4x)

( XTs =-7Zxycos(3x10% x5x107° —4x 4)
%CO

=X

Bl

s(14.5)

co
0.355A/m
(b) Find D first

_ D ;
VxH, =% in free space

A

4

X
9
OX

X( 05(3x10°t — 4x))

- _( 4)(- 1)(cos(3><10t 4X))

Q)Q)|QJ

| Q)

D,
ot
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D, = 2]4(cos(3>< 10°t — 4x) it

=2 _os(3x10% — 4x)
3x10

=-2 cos(3x10°t — 4x)

3x10°8
ﬁ'[51 - 52]: Ps
~2eD, = p,
D,=0
P (4.20), 100 =~ COS(4.5)
=X 3x10

=—-0.473x10°®
=-4.73nc/m?

P2.30

E(00,00)=24,-104,+34, v/m

The origin (0,0,0) lies on a perfectly conducting surface. The electric field is entirely normal to
the conducted surface at the origin.

E,|=|E|=(2? +10? +37)"
|,03| = [_)n
= ¢£,(10)|E,
=0941x107"
=941pc/m?
P2.31
(2) From KVL V(z,t) -V (z+ Az,t) = L'az &Y (;t’t)
Dividing by Az and take limit Az — 0
V(Y _ L,a| (z,1) )
oz ot
From KCL

I(z,t)—1(z+Az,t) =G'AzV (2 + Az,1)
Again dividing by Az and take limit Az — 0

_A@Y vz
0z
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?l(z,t) .,V (zt)
(b) from (2) - = _G—az
2°I(zt) ,01(z,1)
— gL/ p =0 (3)

. 0 . 0 .
c)since ——= jo, ——>—Jk
() 5 e J

(- jk)?-GL'jo=0

k? =—G'Ljw

k=%/-G'L'jo =JG'L'wL—45°
@dIfk=p-ja

b= 1/ 'L” = JAGL'

7sz L’

Hence
G'=0 , L'=u

P2.32
B =15x10°8
Incident field amplitude = 60
Transmission coefficient T = —%—
m+n;
20
m :,701/& =110y = = 21lq
ng 5
=Tl
T 2x21, :ﬂ
Mo +2mn, 3

A=60xT =60(%j=80

_ G,(_ L,) ol (Z,t)

ot

Note this number agrees with the B.C Ey,1 = Etan2|Z:0
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C=p5
Do = 1 ¢ ¢ o
P27 Jimpe, Bx20 10 p,

10w 10x15x108
Bo = = g — =90
C 3x10

A=80 , B=15x10® , C=50
(b) H, = y@cos(15x108t—502)
72

1, =2n, =2407

H,, = 90.106 cos[15x10°%t 502 A/m
P2.33

a Critical angel 0. =sin™—2 =41.81°
(a) gel 6,

:|:
N

1
6, = 46.81°
a, =k,/2.25sin 46.81—1 = 0.443k,

Depth of penetration = 1 1 22
o, 0443k, Kk,

meters

e

n .
B. =k, —=sin 6,
n2

=k,1.5sin 46.81

=1.0936k,

v,, :ﬁﬂ
w
" k,1.0936
_ w
w0y 1156,1.0936
=0.914c

=0.914x3x10® m/s

(b) G =tan [ZZ =tan”"
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Appendix 2C
P2C.1

This problem can be solved by using smith chart just like th 3esolution given in section 2c.4. The
answer comes out to be

Reflection coefficient T', = 0.453.7194°

Another way to solve this problem is through ABCD parameters of section 7.3.1. note that the
solution of ABCD parameters of a layer for obliques s-wave incidence is given in the solution for
P7.10. Denoting kcosO of this solution by q

Q=kcos0

A=D=cos(qd),

B=jZ;sin(qd)

i
C =—sin(qd
7 in(qd)

Where Z=n/cos6
“_ny _1m, 120z

TN Jeo non
Where n is the refractive index. Note that ky =ksin® is the same for all layers, i.e., nsin® is the
same (Snell’s law), i.e.,

Sin30°=(1)sinB, =n; sin® =n,SinB, = N3Sin0

Thus

1 1/2
d, =k0n1[1——23in29} = 296.19
n

Note
B 2_72' 2

°~ 2, 0.03

z =2
o

Z, =266.57  convenient to write

A; =D; =-0.9839

B1=]47.64

C, = 0.00067

For layer 2

gz = 405.5788

Z;=194.6733

A2 = D2 =0.980165

B, = -j 38.5808

C, =-j0.001018

Overall ABCD parameters for the layers

A B| |-09839 j47.64 0.980165  —38.5808 | |=-0.9159 84.6547
C D| |j0.00067 -0.9839 | —j0.001018 0.980165 0.001658 —0.9385

Input medium g; = 181.3799, Z; = 435.906
From (7.47) and (7.48)
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R, =T =T, =0.46.,194°
T, =T =0.53£199.6°
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