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Hamilton’s Principle of Least Action

1. An arbitrary four-vector A, = (A1, Az, A3, Ay) is defined in
terms of its four components. For two reference frames in relative
uniform motion with velocity v along the z-direction, the compo-
nents of A, are related in the two frames by

Al = A
A, = A
Ay = 5 (Ay+ i)
Ay = y(=ifAs + Ay,
where 7 is given by (1.9) and 8 = v/c. This is known as a Lorentz

transformation. Show that the inner product of any two four-
vectors A, and B, satisfies

4 4
S A5, =3 A,
n=1 n=1

An inner product of two four-vectors is thus said to be invariant
under a Lorentz transformation.

Solution. The inner product of two four-vectors A, and B, is
given by

4
Z AL BL Ay By + Ay By +*(As + ifAs) (Bs + i3By)
p=1

+7%(—iBAs + As) (—iBs + By)

4
= Z Ay By
p=1

2. Derive the Lorentz force law (1.15) from the Euler-Lagrange
equations of motion (1.14).

Solution. Beginning with the Lagrangian L we have

L = —mé\1-12/ +qv-A(x,t) — gd(x,1)
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d
&(va) = q(E+vxB),

This represents the solution, where we have made use of the iden-

tities
dA; 0A;
- v-VA, + o
aax(VA)_vaz = [VX(VXA)L
0A
B = -Vo-
B = VxA

The Hamiltonian function

1. Show from the above analysis that
E? = 2% + m2ct,
where p*> = p - p.
Solution. We make use of the identities
E = ymc®
p = 7my,
from which it follows:

E2 :p262+m264
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2. Prove the identity

pc = BE,
where 8 =v/c.
Solution. We make use of
BE = 67m02
= (ymw) (B¢*/v)
pr— pc

The Lagrange Invariant

1. Show that the functions V,W, X and Y all lead to the same
Lagrange invariant.

Solution. By definition,
Vap(Xa, Py) = Py - xp — Wop (X4, Xp).
It follows that the perturbation 0V, is given by
Wap(x4, Pp) = 0Py, - x, + Py, - 0%,

where we have made use of the perturbation dW,;, derived in the
text. A second, independent perturbation yields

d(6V) = d(0Py) - xp + 6Py - dxp + dP, - 6%, + P, - d(0%,).

Interchanging the order of perturbations and subtracting, we ob-
tain the Lagrange invariant as before,

dPa . (5Xa — 5Pa . an = de . 5Xb — 5Pb . de.

Similar logic applies to the functions X and Y.
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