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Chapter 2

Second-Order Linear Equations

2.1 Second-Order Linear Equations with Con-
stant Coeflicients

1. Find the general solution of each of the following differential equations.
See the table.

2. Find the solution of each of the following initial value problems:

(a) The associated polynomial r* — 5r + 6 has roots r = 2,3. The
general solution is y = Ae3® + Be?®. Initial conditions determine
that A =0, B = 1/e. Therefore, e

(b) The associated polynomial r* — 6r + 5 has roots r = 1,5. The
general solution is y = Ae® + Be®®. Initial conditions determine
that A = 1, B = 2. Therefore, y = €* + 2¢°%.

(c) The associated polynomial 72 — 6r + 9 has roots r = 3,3. The
general solution is y = Ae3® + Bxe3®. Initial conditions determine
that A = 3, B = —1. Therefore, y = 3e3* — xe32.

(d) The associated polynomial r? 4+ 4r 4+ 5 has roots —2 £ 4. The
general solution is y = Ae 2 cosx + Be 2sinx. Initial conditions
determine that A = e€? and B = 0. Therefore, y = cos z.

(e) The associated polynomial 72 + 47 + 2 has roots —2 + v/2. The
general solution is y = Ae(=2tV27 4 Be(=2=V2)z [nitial conditions

determine that A = 1,B = —2. Therefore, y = e(-2FV2z _
2e(—2-V2)z
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36 CHAPTER 2. SECOND-ORDER LINEAR EQUATIONS

Table 2.1: The general solutions for Exercise 1.

Assoc Poly Roots General Solution
(a) r*+7r—06 2,-3 Ae*™ + Be™3*
(b) r*+2r+1 —1,-1 Ae™ 4 Bxe™™
(c) r*+8 +21/2i Acos(2v/2x) + Bsin(2v/2x)
(d) 272 —4r+8  14++/3i  Ae®cos(v/3x) + Be®sin(v/3z)
() 1 —dr+4 2,2 Ae** + Bre®®
(f) r—=9r+20 4,5 Ae'” + Bed®
(g) 2r*+2r+3 —3+ %z Ae=2/% cos(v/52/2) + Be™/?sin(v/5x/2)
(h) 42 —12r+9 3/2,3/2  Ae*/? 4 Bxe®/?
i) r+r -1,0 Ae ™ +B
(G) r—6r+25 3+4i e37(A cos4x + Bsindx)
(k)  4r?4+20r +25 +5/2 Ae>?/? + Be=b/2
1 r?+2r+3 —1+£+2i Ae "cos(v/2x) + Be " sin(v/2r)
(m) r?—4 +2 Ae* + Be™?*
() 42 —8r+7 1+£%%  Ae®cos(v3x/2) + Be'sin(v/31/2)
(o) 2r*+r—1 ~1,1/2  Ae™® + Be®/?
(p) 16r2—8r+1 1/4 Ae*/* + Bre®/4
(@) r*44r+5 —2+i Ae™* cosz + Be **sinx
(r) r*+4r—5 —5,1 Ae™5" + Be”
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2.1. SECOND-ORDER LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS37

(f) The associated polynomial 72 + 8r — 9 has roots r = —9,1. The
general solution is y = Ae™%* 4 Be?. Inltlal conditions determine
that A = %,B = %. Therefore, y = % e 9® + - 9 e’.

3. The associated polynomial 72 + Pr + ) has roots r = L v FAQ
Suppose that P and @Q are both positive. Then P? — 4@ >0 1mphes
that the roots are real and negative so y — 0 as x — oo because both
exponential terms in the solution have negative exponents. If P2—4Q <
0, then the roots are complex with negative real part. Consequently, the
solutions are of the form y = Ae F*/2 cos wx + Be F*/?sinwa and will
oscillate towards 0 as * — oo. The other cases are handled similarly.

4. Take a derivative on both sides of ¢y’ + Py’ + Qy = 0 to obtain y"” +
Py"+Qy =0. Asy”"+ Py"+Qy = ()" + P(y) + Q¥), ¥ is a
solution of the equation.

5. Euler’s equidimensional equation Changing the independent vari-

able using x = e* is equivalent to z = Inz so ¢y = Z—Z = % . j—fg = %y
where the dot indicates differentiation with respect to the new in-
dependent variable, z. Similarly, 3" = 4(ly) = 1. 15— Ly =

(4 — ). Making these substitutions into 2%y” + pzy’ + qy = 0 yields

2?5 (§—7)+pz-Ly+qy = 0 which simplifies to §i+(p—1)y+qy = 0, an
equation with constant coefficients. If y = ¢(z) is the general solution
to this equation, then y = ¢(Inz) will be the general solution to the
Euler equidimensional equation. Note that the solution is only valid
for z > 0.

(a) The z equation is 3+ 2y + 10y = 0 with solution y = Ae % cos 3z +

Be™®sin(3z). The x equation has the solution y = Az~ cos(3Inz)+

Bz 'sin(3Inz).

(b) First divide the equation by 2. The z equation is then §j+4y+4y =
0 with solution y = Ae™?* + Bze ?*. The x equation has the
solution y = Az~? + Bz ?Inux.

(c) The z equation is §j + ¢ — 12y = 0 with solution y = Ae™** + Be3*.
The x equation has the solution y = Ax~* 4 Bz3.

(d) Divide the equation by 4. The z equation is then § —§ — 3y =0
with solution y = Ae~*/2+ Be®/2. The x equation has the solution
y = Ax~Y2 4 Ba3/2,
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38 CHAPTER 2. SECOND-ORDER LINEAR EQUATIONS

Table 2.2: The differential equations for Exercise 6.

Roots  Assoc Poly Differential equation

(a) 1,-2 7r?+r—2 v +y —2y=0

(b) 0,2 r? —2r y' =2y =0

(¢) 3,5 r? — 8r + 15 y' =8y + 15y =0
(d) 1£3i r2—=2r+10 y' =2y + 10y =0
(e) 3,—-1 r2—2r—-3 y' =2y —3y=0
f) —1,4 r*+5r+4 y'+ 5y +4y =0
(g) 2,-2 r*—4 y' —4y =0

(h) —44+7 P +8 +17=0 y"+8/+17y=0

(e) The z equation is §j — 4y + 4y = 0 with solution Ae?*+ Bze?*. The
x equation has the solution y = Ax? + Ba?Inx.

(f) The z equation is jj + ¢ — 6y = 0 with solution y = Ae™3* + Be?*.
The x equation has the solution y = Az=3 4 Bz?.
(g) The z equation is jj+g+3y = 0 with solution y = Ae™*/2 cos @jL

Be#/?sin @ The x equation has the solution

Villnz 1. V1llnz
TJF QSIHT.

Yy = Az™2 cos Bx

(h) The z equation is §j — 2y = 0 with solution y = Ae™V?* 4+ BeV?2,
The x equation has the solution y = Ae~V2 + BzV2.

(i) The z equation is j — 16y = 0 with solution y = Ae™** + Be??.
The z equation as the solution y = Azx~* + Ba*.

6. Find the differential equation of each of the following general solution
sets. See the table.

2.2 The Method of Undetermined Coefficients

1. Find the general solution of each of the following equations.

(a) The auxiliary roots are —5 and 2 so the homogeneous equation
has the solution y = Ae™>® + Be?®. Try y = ae®® as a particular
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solution. Substitute and simplify to obtain 18ae*® = 6e*® which
implies that o = 1/3. The general solution is y = Ae™>% + Be?® +
%6496.

The auxiliary roots are +2¢ so the homogeneous equation has the
solution y = Acos2x + Bsin2zx. Try y = acosz + fsinzx as a
particular solution. Substitute and simplify to obtain 3« cosx +
30 sin x = 3sin x which implies that « = 0 and = 1. The general
solution is y = A cos2x + B sin 2z + sin x.

The auxiliary roots are —5, —5 so the homogeneous equation has
the solution y = Ae 5 + Bze ®®. Neither y = ae™>® nor y =
axe™®® can be a particular solution because they are solutions to
the homogeneous equation. Try y = awx?e™5* instead. Substitute
and simplify to obtain 2ce™3* = 1475 which implies that a = 7.

The general solution is y = Ae™>* + Bre 5% + Tx2e =57,

The auxiliary roots are 1 4 2¢ so the homogeneous equation has
the solution y = Ae®cos2z + Be®sinz. Try y = az?+ Bz +vas a
particular solution. Substitute and simplify to obtain 5az?+ (53—
4a)z + 20 — 203 + 5y = 2522 + 12 which implies that o = 5,8 =
4,~ = 2. The general solution is y = Ae” cos 22+ Be® sin x +5x% +
4o 4 2.

The auxiliary roots are —2, 3 so the homogeneous equation has the
solution y = Ae™2® + Be®*. The function y = ae™2® can not be
a particular solution because it is a solution to the homogeneous
equation. Try y = aze 2 instead. Substitute and simplify to
obtain —5axe™?* = 20e~?* which implies that « = —4. The
general solution is y = Ae™2* + Be3® — 4xe=27,

The auxiliary roots are 1,2 so the homogeneous equation has the
solution y = Ae®+Be?*. Try y = a cos 2x+ 3 sin 2z as a particular
solution. Substitute and simplify to obtain (—6a — 2f3) cos2x +
(—2a+6/3) sin 2x = 14 sin 2z — 18 cos 2x which implies that a = 3
and 3 = 2. The general solution is y = Ae® + Be?® + 3cos 2z +
2sin 2x.

The auxiliary roots are £i so the homogeneous equation has the
solution y = Acosx + Bsinz. The function y = acosx + Bsinx
can not be a particular solution because it is a solution to the
homogeneous equation. Try y = ax cos x + Sx sinx instead. Sub-
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stitute and simplify to obtain 23 cosx — 2asinz = 2cos x which
implies that @ = 0 and # = 1. The general solution is y =
Acosx + Bsinx + xsinz.

The auxiliary roots are 0,2 so the homogeneous equation has the
solution y = A + Be?*. The function y = ax + [ is not a partic-
ular solution because part of it is a solution to the homogeneous
equation. Try y = ax? + Bz instead. Substitute and simplify to
obtain —4ax + 2a — 23 = 12x — 10 which implies that « = —3
and $ = 2. The general solution is y = A + Be** — 322 + 2.

The auxiliary roots are 1,1 so the homogeneous equation has the
solution y = Ae® + Bxze®. Neither y = ae®” not y = axe” is a
particular solution because they are both solutions to the homo-
geneous equation. Try y = ax?e® instead. Substitute and simplify
to obtain 2ae” = 6e” which implies that a = 3. The general solu-
tion is y = Ae® + Bwe® + 3z%e”.

The auxiliary roots are 1 + ¢ so the homogeneous equation has
the solution y = Ae®cosx + Be®sinxz. This means that y =
ae” cosx + fe’sinx can not be a particular solution. Try y =
axe® cosx + fre”sinx instead. Substitute and simplify to obtain
2pe” cosx — 2ae”sinz = e*sinz which implies that a = —1/2
and # = 0. The general solution is y = Ae” cosx + Be®*sinx —
1

5:669” COS .

The auxiliary roots are —1, 0 so the homogeneous equation has the
solution y = Ae~*+B. This means that y = ax*+Bx3+yx2+0x+e
can not be a particular solution. Try y = aa®+ Bzt +y23+ 52 +ex
instead. Substitute and simplify to obtain 5ax? + (20a +48)z3 +
(128 + 3v)x? + (6 + 26)x + 20 + € = 102* + 2 which implies that
a=20=—-10,v = 40,0 = —120 and € = 242. The general
solution is y = Ae™ + B + 22° — 102* + 4023 — 12023 + 242z

2. Find the solution of the differential equation that satisfies the given
initial conditions:

The auxiliary roots are ?’iz—\/g so the homogeneous equation has the
. V5 ~vB .
solution y = Ae”27T 4 Be’ 2, Try y = ax + [ as a particular

solution. Substitute and simplify to obtain —2ax + # = = which
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implies that o = 1,6 = 3. The general solution is ¥y = = +

3+ Ae“fx + Be?ﬁf)x. Initial conditions determine that A =

2=V5 and B = =255, The solution that satisfies the given initial

5 3=V5,
Conditions 'IS y =X —|— 3 —|— T\fe?’ 2\fx —'— 27\/5 2

The auxiliary roots are —2 + v/2i so the homogeneous equation
has the solution y = Ae ?*cosv/2z + Be **sinv2z. Try y =
acosx + fsinx as a particular solution. Substitute and simplify
to obtain cos x(5a+4ﬁ)+sin x(5f—4a) = cos x which implies that
a=and 8= 1. The general solution is y = Ae~2* cos v/2x +

Be~ 29” sin \f 2x + ﬁ CcoS T + = sin:c Initial conditions determine

that A = —2 and B = 7 The solution that satlsﬁes the given

initial condltlons isy = —e TcosV2z + 41\/ 27 gin 2z +

2 cosz + S-sinz.

The auxiliary roots are so the homogeneous equation has

—1+Vi
2
the solution y = Ae=*/% cos §x+Be_x/2 sin ?:c Try y = a cos x+
Gsinx as a particular solution. Substitute and simplify to obtain
fcosr — asinx = sinx which implies that « = —1 and § = 0.

The general solution is y = Ae™*/? cos §x+Be_x/2 sin ?x—cos .

Initial conditions determine that A = (14 cos1) - \/5 cos \f

3+cosl+sinl | 3+cosl+sinl |
7 Ve -sin¥3 and B = 7 V3 cos ¥ — \Je -

(1 + cosl) - sin % The solution that satisfies the given initial

1ti 1 — V3 34cosl4sinl
conditions is y = [(1 + cos1) - V/3 - cos L — % /e -

sin Y3]e=7/2 cos Yg 4 [Breosisinl /3005 Y3 _ o (14 cos) -

V3
\f] —x/2 V3
2

sin sin 5 T — COST.

The auxiliary roots are 1,2 so the homogeneous equation has the

solution y = Ae®+ Be?®. Initial conditions determine that A = —e
and B = e?. The solutlon that satisfies the given initial conditions
is y=—e- et + 6 2:1,‘ — x+1 + 62x+2'

so the homogeneous equation has

the solution y = Ae*/?cos ?:c + Be®/?sin ?:c Try y = ax? +
Bx 4+ v as a particular solution. Substitute and simplify to ob-
tain az? + (B — 2a)r — B + 2« = x? which implies that o = 1,

B =2 and v = 0. The general solution is y = Ae*/?cos V34
2

The auxiliary roots are %‘@
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Be®/?sin ?:c + 22 + 2. Initial conditions determine that A = 1
and B = —%. The solution that satisfies the given initial condi-

tions is y = e*/ cos ?:c — %ex/z sin ?:c + 2% + 27,

(f) The auxiliary roots are —1, —1 so the homogeneous equation has
the solution y = Ae™ + Bxe™™. Try y = ax + [ as a particular
solution. Substitute and simplify to obtain ax + 2a + 3 = 1
which implies that « = 0 and § = 1. The general solution is
y = Ae ™ + Bre ™ + 1. Initial conditions determine that A = 0
and B = 0. The solution that satisfies the given initial conditions
is a constant y = 1.

3. The auxiliary roots are —k, k so the homogeneous equation has the
solution y = Ae* + Be ™. Try y = avcos bx + Bsinbx as a particular
solution. Substitute and simplify to obtain (k* — b*)acosbx + (k* —
b?)Bsinbr = sinbz which implies that & = 0 and § = ;3%,,. The
general solution is y = Ae** + Be " + ﬁ sin bx.

4. Substitute y = y; + yo into the left side of the differential equation to
get

(y1+y2)"+P(y1+y2) +Q(y1+12) = Y1 +Py1+Qur+y5+Pys+Qyz = Ri+Ry.

(a) The auxiliary roots are £+2i so the homogeneous equation has the
solution y = A cos2x + Bsin 2.

A particular solution for y” + 4y = 4cos2z has the form
Y1 = ax cos 2x + [fx sin 2x. Substitute to obtain y; = x sin 2z.

A particular solution for y” + 4y = 6 cos z has the form y, =
acosx + Fsinz. Substitute to obtain yo = 2cos .

A particular solution for y” + 4y = 822 — 4z has the form
ys = ax? + Bz + v. Substitute to obtain y3 = 22? — z — 1.

By the superposition principal ¥y = y; +y2+ys is a particular solu-
tion to the given equation and y = A cos 2x + B sin 2x + x sin 2z +
2cosx + 222 — x + 1 is a general solution.

(b) The auxiliary roots are £3i so the homogeneous equation has the
solution y = A cos 3z + Bsin 3.

A particular solution for y” + 9y = 2sin 3z has the form y; =

ax cos 3x + [xsin3x. Substitute to obtain y; = —%x cos 3x.
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A particular solution for y” + 4y = 4sin x has the form y, =

acosx + Fsinz. Substitute to obtain y, = % sinz.

A particular solution for y” + 4y = —26e~2* has the form
Yo = e~ 2%, Substitute to obtain y4 = 32° — 2x.

By the superposition principal y = y1 + y2 + y3 + y4 is a particu-
lar solution to the given equation and y = Acos3x + Bsin3x —

%x cos 3z + % sinz — 2e7%* + 32?2 — 2z is a general solution.

2.3 The Method of Variation of Parameters

1. Find a particular solution.

(a)

The homogeneous solution is y = Asin2x + B cos 2z so the par-
ticular solution has the form y = vy sin 2x + v cos 2z where v; and
vy satisfy the system

vy sin 2z + v) cos 2z = 0

201 cos 2z — 2uy sin 2x = tan 2x

Therefore, v} = § sinz and v) = —J sin 2z tan 2z. Integrate to get
v1 = —1 cos 2z and vy = 1 sin 22— In(sec 2z +tan 2x). Therefore,
y = —3 cos 2z In(sec 2z + tan 2z).

The homogeneous solution is y = Ae™ + Bxe™™ so the particular
solution has the form y = vie™ 4 voxe™ where v, and wvq satisfy
the system

vie " +uvgze " =0

—vie " tug(e™ —xze ) =€ Inx

Therefore, v/ = —zlnz and v, = Inz. Integrate to get v; =
—32?Inz+12? and vy = v Inz—x. Therefore, y = jze " (2lnz—
3).

The homogeneous solution is y = Ae3* + Be™® so the particular
solution has the form y = v1€3* + vye™® where v, and v, satisfy
the system

V¥ +uhe™ =0

T

3vie™" — vhe " = 6dxe™
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Therefore, v] = 16ze™** and v), = —16x. Integrate to get v; =
—(4x+1)e ™ and vy = —8x2. Therefore, y = —e *(82? + 4z +1).
The last term can be dropped since —e™ is a solution to the
homogeneous solution.

The homogeneous solution is y = Ae™ sin 2z 4+ Be ™" cos 2z so the
particular solution has the form y = vie " sin 2z + vee™* cos 2w
where v; and vy satisfy the system

vie " sin 2z + vje " cos2x =0
vi(—e " sin 2z + 2e7" cos 2x) + vh(e ™" cos 2x + 2e 77 sin 2x)

=e Tsec2x

Therefore, v} = 1 and v) = —1 tan2z. Integrate to get vy = S

and vy = 1 In(cos 2z). Therefore, y = Lxe " sin 2z+1e ™" cos 2z In(cos 2z).

The homogeneous solution is y = Ae~*/2 + Be™® so the particular
solution has the form y = vie™%/2 + v9e~* where v, and v, satisfy
the system

Ve ™% 4 vhe™ =0

1 _
— e x/2 ve ™ = —e 3z
2 1 2
Therefore, v| = e/ and v), = —e~2*. Integrate to get v; =
_2_,-5z/2 _ 1, -z _ 1 -3z
ze and vy = ge~®. Therefore, y = {57,

The homogeneous solution is y = Ae” + Be?® so the particular
solution has the form y = vie® + v2€2* where v; and vy satisfy the
system

vie” 4+ vpe* =0

vie” 4+ 205e* = (14 e %)

Therefore, v] = —% and v = % Integrate to get v, =

In(14+e7*) and vy = In(14+e~*)—e~*. Consequently, the particular
solution is y = (e” 4+ €**) In(1 + e™*) — €.

2. the homogeneous solution is y = Acosx + Bsinx so the particular
solution has the form y = vy cosx + vs sin x.
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(a)

(e)

The functions v; and v, satisfy the system

vycosz + vhsinx =0

—vysinx + v) cosxT = sec T

Therefore, v] = — tan x and vj = 1. Integrate to get v; = In | sec z|
and v, = z. Therefore, y = (A +In|secz|) cosx + (B + x)sin x.

The functions v; and wvs satisfy the system

vicosz + vysinx = 0
—v} sinz + vy cosx = cot® x
2 3
Therefore, v] = —<=% and vy, = —<52. Integrate to get v; =
s x s~ x .
—In|escx — cot x| — cosz and v = cscx + sinx. Therefore, y =
Acosz + Bsinx + (—In|cscx — cotx| — cosz)cosz + (cscx +
sinz)sin .

The functions v; and wvs satisfy the system

vycosz + vysinz =0
—vysinx + v) cosx = cot(2r)

!/ __ __ cos2x !/ __ __cos2x —
Therefore, v} = —32=% and vy = —5%=". Integrate to get v; =

—sinz + § In|secz + tanz| and vy = 5 In|csca — cotz| + cosz.
Therefore, y = A cos 24 B sin z+(— sinz+1 In | sec z+tan z|) cos 2+
(3 In]csca — cot x| 4 cosz) sin .

The functions v; and wvs satisfy the system

vy cosT + vhsinz =0
—vySinT + vy CoS T = T COS T

Therefore, v; = —wxsinxzcosz and vl = xcos’z. Integrate to

get v, = %x cos2x — %Sin 22 and vy = ixz + ix sin 2x + %cos 2.
Therefore, y = Acosz + Bsinx + (1 cos 2z — L sin2x)cosz +
(322 4 jwsin 2z + § cos2z)sin .

The functions v; and wvs satisfy the system

vycosT + vhsinz = 0

—vysinx + vy cosx = tanx
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in2 .
Therefore, v| = —%2- and vy, = sinz. Integrate to get v; =

—In|secx + tanz| + sinz and vy = —cosx. Therefore, y =
Acosz+Bsinz+(—In|secz+tanz|+sinx) cos z+(— cosz) sin x.

(f) The functions v; and v satisfy the system

vy cosT + vhsinz =0

—v] Sinz + vhcos T = sec  tan x

Therefore, v; = —2%,% and v, = tanz. Integrate to get vy =
—tanx + z and ve = In|sec z|. Therefore, y = Acosx + Bsinz +
(—tanz + z) cosz + (In|sec z|) sinx.

(g) The functions v; and vy satisfy the system

vy cosT + vhsinz =0

—v] SIN T + vh COS T = Sec T csc T

Therefore, v; = —3%% and v, = tanz. Integrate to get vy =
—tanx + z and ve = In|sec z|. Therefore, y = Acosx + Bsinz +
(—tanz + z) cosz + (In|sec z|) sinx.

. By Inspection The auxiliary polynomial is 72 — 2r + 1 with roots 1,1

so the homogeneous solution is y = Ae® + Bxe®. Therefore, there is
a particular solution of the form y = ax + (. Substitute to find that
y = 2x + 4 is a particular solution.

By Variation of Parameters The particular solution has the form y =

v1e” 4+ vaxe® where vy and vy satisfy the system
vie” + vpze® =0
!/ !/
vie” + vy(ze® +e) =2z

Therefore, v] = —2x%e™® and vy = 2re~®. Integrate to get v; = (222 +
4z +4)e~™ and vy = —(22 + 2)e~*. Therefore, y = 22 + 4.

. By undetermined coefficients THe auxiliary polynomial is 7~r — 6 with

roots —2, 3 so the homogeneous solution is y = Ae~2*+Be3®. Therefore,
there is a particular solution of the form y = ae™. Substitute to find
that y = —ie‘x.
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By variation of parameters The particular solution has the form y =
vie” 2 4+ v9e3” where v; and v, satisfy the system

vie " 4+ vhe® =0

—20)e™% + 3vhed” = "

x —4x x
Therefore, v; = —% and vy, = “z—. Integrate to get v; = —% and
. . . x J—
Uy = —2—106_49”. Therefore, the particular solution is y = —%e " —
ie—4x63x _ _le—x
20 ¢

. The solution y; to the homogeneous equation is given below. Use it

to apply the variation of parameters technique to obtain the particular
solution, labeled y,. The general solution is y = y5, + yp.

Warning Write the equation in the form
y'+ P(z)y' + Q(z)y = R(z)

before applying the variation of parameters algorithm.
yn = Az + B(z? +1); y, = /6 — 22 /2.

yn = Ax~' + Be®; y, = —%xz —z—1.

yn = Az + Be®; y, = 2> +z + 1.

yn = A(l 4+ x) + Be®; y, = %ezx(x —1).

N -~ TN~
o o T
N— N e N N

—
@

yn = Aa® 4+ Bz y, = —ze " — (2? +z) [ ¢ du.
To obtain this solution formula you will have to apply integration

by parts to [ e;—;dx. The remaining integral does not evaluate to
an elementary function.

2.4 The Use of a Known Solution to Find An-

other

1. Find y, and the general solution, given y;.

(a) Since p(z) = 0, e~ P4 = 0 — 1 and y,(z) = sin(z)v(x) where
v(z) = [hodr = [csc®zdr = —cotx. Therefore, yy(z) =

—cosx. The general solution is y = Asinx + B cos .
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(b) Once more, p(z) = 0 and e~/ P4 = 0 — 1. Therefore, y,(x) =
e®v(x) where v(a: = [Zsde = —1le . Therefore, y(zx) =
e"(—4e ") = —1e~". The general solution is y = Ae” + Be™*

2. Since p(z) = 2, e~ JP@de — 273 and yy(2) = y1(2)v(x) = v(x) where
x) = [273dx = —1x72. The general solution is y = A + Bz 2.

3. Ify =y, = 22, then 2%y +ay — 4y = 2% 2+ 220 —4-2% = 0. To find
Y2 observe that p( ) = 1/x and e/ 1/#d* = ¢~ — 1 /- Therefore, 1, =

z? ﬁ . i =22 x4 = —4/2% The general solution is y = Ax? + Bz 2.

. _ =2 de _ 1 — 2 (41 1
4. Since p(r) = {3, Jdv — Lo Therefore, yo = 2* [ X+ =
1

—5 —x —log(l — z) + %Qlog(:c —Qk 1). The general solution is y =
Az + B[—4- — x —log(1 — z) + £ log(z + 1)].

5. If y =y, =2 /?sinz, then
/ -1/2 1 -3/2 .
y =a"Feosz — 27 sing
3
y'=—27?sine — 272 cosz + 1$—5/2 sin

Substitute carefully into (*).
To find yso observe that p(z) = 1/ so e/ 1/#%* = 1/z. Therefore, y, =

e Psing [ o dde = 272 sing [ ese? wdr = 272 sina(— cot x)
—2~Y2cosz. Therefore, the general solution is y = Az~"?sinz +
Bx~Y?cos z.
6. Find the general solution given ;.
(a) Since p(z) = %5, e = p@)dr — ef 147 — gr—ltin(e—1) — g1 (g
1). Therefore, yp = - f Loerl(z—1)dr =x-“ " =e"!. The

general solution is y = Az + Be® L.

(b) Since p(z) = 22 = 2 o= Jr@)de — o=2Inz — L Therefore, y, =

x? x? x?
v [% - Ldr =1 (—45) = —555. The general solution is y =
Az + B.w
(c) Since p(x) = _x(;;rz), e~ [po)dr — grtlna® — 2200 Therefore,

y» = & [ &-e”-2%dx = ze®. The general solution is y = Az+ Bre”.
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7. By inspection, y = y; = x is one solution. Since p(z) = —zf(z),

the second solution has the form y, = = f Lelef(@)drgy  The general
solution has the form y = Az + Bz [ % P el ofe LN

. Substitute y; = ¢} = y{ = €” to get ze® — (2z + 1)e” + (x + 1)e* = 0.

Since p( ) = 2l em [p@)de = elallne — ge2 Therefore, yp =

" [ s - € - xdr = ja”e”. The general solution is y = Ae” + Ba?e”.

. If y; and ys are linearly dependent, then the function v(x) is a constant
1
= e

and has a derivative that is identically 0. However, v'(z) = | —J P)de

which is never 0 (exponentials cannot vanish).

2.5 Vibrations and Oscillations

1. The amplitude A = Fo attains its maximum at the w value

(k—w?M)2+w?3c?
that minimizes the polynomial ¢(w) = (k — w?M)? + w?c®. A simple
2
TR TER
Thus if % < %, i.e. ¢ > v2kM, then there is no resonance frequency
and as w increases from 0, the amplitude A will steadily decrease to
0. On the other hand, if 0 < ¢ < V2kM, then A will increase as

. . . . 2
w increases reaching its maximum value at the w* = % — 53z and

S N -
decrease to 0 thereafter. The resonance frequency is 5-1/77 — 5572

calculation will show that ¢'(w) =0 when w =0 or w = +

This frequency is clearly less than the natural frequency i, / %

. Let b denote the density of the buoy (weight per unit volume) and w

the density of water. The volume of the buoy is V = *71'7"3
The volume of a slice of the buoy from its center to a point y units
from center is mr?y — £y (exercise).

Since the buoy floats half-submerged, b = w/2. As it bobs up and down
let y be the distance from its center to the surface of the water (up is
positive). If y > 0, then the net force on the buoy is negative given by
the difference between the upward buoyant force of the water:

Vv 1

w - (5 — 7ty + gﬂyg)a
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and the downward weight of the buoy b - V. Subtracting, the net force
is w(—mr?y + imy?). Newton’s law (ma = F) applied to the sphere, at
its center of mass, yields the following equation (g is the gravitational

constant)
b-V
7?], = —mur2y + funry?’.
g 3

This is a second-order non-linear differential equation. However, if the
buoy is only “slightly” depressed, then the linearized version (ignore the
y® term) provides an excellent model for the motion. The linearized

equation simplifies to ¢’ + a?y = 0 where a = %. The period of the

motion is 27, / g—; seconds.

. Similar to the solution of Exercise 3.

. Recall, Section 1.10 problem 4, that inside the Earth the force of gravity

on an object is proportional to its distance from the center. Let = be
the distance from the train to the center of a tunnel of length 2L.
Draw a picture to see that the distance from the train to the center of
the Earth is v/22 + R? — L? where R is the radius of the Earth. The
magnitude of the force on the train, in the direction of the center of the
Earth, is then F, = kv/x2 + R?2 — L2. The value of k can be found from
this equation when the train is at the surface of the Earth: mg = kR,
so k =mg/R.

The magnitude of the force on the train parallel to the tracks is the
component of F,. in that direction: F - cosf = F, - ﬁ = kx.
When =z is positive, the force is negative. Applying Newton’s Second
Law we have m2"” = —kx = —"x. Thus 2"+ % = 0, and the period of
R
g
90 minutes. The equation of motion for a particular L value is found
from the initial conditions: x(0) = L and 2/(0) = 0. This yields z(t) =
Lcos \/4t. The greatest speed is [2/(T/4)| = \/%L ~ 4.43L miles per
hour.

motion is independent of L: T = 27 seconds; this is approximately

. Adjusting the weight with a gravitational constant to be a mass, the

differential equation becomes

2

d°x .
4@ + 64z = 32sin 4t . (%)
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Solving the homogeneous equation as usual, we find that x(t) is either
cos 4t or sin 4t. We solve the inhomogeneous equation by undetermined
coefficients. Since the obvious guess is already a solution of the homo-
geneous equation, we instead guess

zy(t) = At cosdt + Btsin4t.

Substituting this guess into (*), and solving for the coefficients, we find
that

8
zp(t) = —gtcos 4t .

Thus the general solution of (x) is

x(t) = —itcosélt + Acosdt + Bsindt.

The presence of the t factor guarantees that x will take arbitrarily large
values.

2.6 Newton’s Law of Gravitation and Kepler’s

Laws

1. Kepler’s Third

(a) In astronomy the semi-major axis of the orbit is called the mean
distance to the Sun because it is the average of the least and great-
est values of r. Let a, and T, denote the semi-major axis and pe-
riod of Uranus. These are known from Example 2.6.1. According
to Kepler’s Third Law, %2‘ = fj” where a,, and T}, are Mercury’s
semi-major axis and period. Ca}lsequently, being careful with the
units—see Example 2.6.1-we have

Ay, = (&)2/3 a — (% . (3-16 X 107)
) T b 26.516 x 108
— 5800 % 10'2 centimeters.

)3 (2.87 x 10™)

This is 5.800 x 102 centimeters.
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(b) When distance is measured in astronomical units and time in
years, then éijjj = 1 (verify). Therefore, in this system of units,
T? = a®. For example, the value of a,, calculated above can also be
found (in astronomical units) using a,, = To/® = (2333 = 0.3874
au. Multiply by 93,000, 000 to obtain a,, = 36,000,000 miles.

Regarding Saturn, T, = a2/* = (9.54)%/2 = 29.5 years.

. According to Exercise 2, in the instant after the explosion, the motion

of every particle that moves into an elliptical orbit about the Sun obeys
the equation v? = GM (% — é) Consequently all of these particles move
in an orbit with the same semi-major axis, a astronomical units, and
(according to Kepler’s Third Law) the same period, T = a®? years.
This means that T years later all of them will return to their original
positions.

. The formula derived in the text is

_liel® 1

"T oM 1+ | K] cosf

If we let h = ||C| and & = GM then we get the desired formula
representing Kepler’s first law.

Formula (22) in the text is
RxR =C.

Taking lengths gives the formula in the exercise.

. See Exercise 1, part (b).

(a) T = 232 = 2.83 years.
(b) T = 3%? = 5.20 years.
(c) T = 25%2 = 125 years.

2.7 Higher-Order Coupled Harmonic Oscilla-

tors

1-15. Find the general solution. See Table 2.3.
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Table 2.3: Solutions for 1-15.

O NSO W=

el el el el e PPN
Stk W= o

Associated Polynomial General Solution

g
—2)(r—3) y=Ae®”+ Be** + Ce**

(r
(r+1)* y = Ae** + Be™® + Cze™™ 4+ Da?e™™
(r—2)%(r+2)? y= Ae% + Be* + Cxe* + De™?* + Exe™?*

r(r—1)(r —2) y= A+ Be® + Ce*™

(r—1)(r* —2r +2) y = Ae” + Be® cosx + Ce*sinx
(r=1)0*+r+1) y = Ae® + e~ */2(Bcos(v/3x/2) + C'sin(v/3x/2))
(r+1)(r?*—=r+1) y = Ae™* + Be*/?cos La + Ce*/?sin Lu
(r+1)* y= Ae "+ Bre ™™ + Cx’e™™

(r+1)* y= Ae " + Bre ® + Ca?e ™ 4+ Dade™™
(r’?=1)(r*+1) y = Ae* + Be " + Ccosz + Dsinx

(r2 +1)(r* + 4) y = Acosz + Bsinz + C cos 2z + Dsin 2z
(r—a)*(r +a)? y = Ae™ + Bre™ + Ce ™ 4 Dre ™
(r*+a*?*=0 y = Acosax + Bz cosar + C'sinax + Dx sin ax
(r+1)2(r*+1) y=Ae ™+ Bxre * 4 Ccosz + Dsinz

(r — 2

(

(

(

+ 4r +5) y = Ae® + Bze® + Ce 2% cos %:c + De™?*sin 3z

[
=2

17.

18.
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. The associated polynomial is r* so the general solution to the homo-

geneous equation is y, = A + Bx + Cz? + Dz3. Try y = acosx +
Bsinx + ya* as a particular solution. Substitute and simplify to get
acosr+Fsinz+vy = sin x4 24 which implies that « = 0,5 =1,y = 24.
Therefore, the general solution is y = A+ Bz +Cx?+ D3 +sin x+24x*.

The associated polynomial is r(r — 1)(r — 2) so the general solution to
the homogeneous equation is y, = A+ Be®+Ce?®. Based on the forcing
function our fist choice for y, is y = A + Be®*. However, this will not
work because y = A is a solution to the homogeneous equation. Try y =
Az + Be®* instead. Substitute this into the forced equation to see that
A =5and B = 7. The general solution is y = A+Be*+Ce?*+5x+7e3",

The associated polynomial is r(r — 1)(r + 1) so the general solution
to the homogeneous equation is y, = A+ Be™ + Ce”. Try y, =
ax. Substitute and simply to get a« = —1. The general solution is
y = A+ Be™ + Ce® — x. Initial conditions determine that A = 0,
B = —1/2, and C' = 9/2. Therefore, y = —Je™" + Je* — x.
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19.

20.

21.

CHAPTER 2. SECOND-ORDER LINEAR EQUATIONS

The Euler Equidimensional Equation (order 3) Using = = ¢* is
equivalent to z = Inz so ' = 1y and y” = 5 (§ —¢). The dot indicates
differentiation with respect to the new independent variable, z. See
Section 2.1 problem 5. For the third derivative,

,od 1 1 1

= %(ﬁ(y —y)) = ﬁ(y - y); - g(y —9)
ﬁ(y — 3§ + 29).
Making these substitutions into z3y"” + asz?y" + a1y’ + apy = 0 yields
2?5 (U =3§+29) +axx? 5 (j—9)+ a1z Ly+aey = 0 which simplifies
to

y + (CLQ — 3)y + (CLl — Qg + 2)y + apy = 0,
an equation with constant coefficients. If y = ¢(z) is the general so-
lution to the equation, then y = ¢(Inz) will be the general solution
to the Euler equidimensional equation. Note that this solution is only
valid for x > 0.

(a) The z equation is ¥ — g = 0 with associated polynomial 73 —r =
r(r? — 1). The solution is y = A + Be® + Ce™" so the solution to
the original equation is y = A + Bz + Cx L.

(b) The z equation is ¥ — 2§ — gy + 2y = 0 with associated polynomial
=22 —r+2 = (r—1)(r+ 1)(r — 2). The solution is y =
Ae” + Be™* + (Ce?* so the solution to the original equation is
y= Az + Bx~' + Oz

(c) The z equation is ¥ — §j + 4y — y = 0 with associated polynomial
r3—r*4+r—1=(r—1)(r* +1). The solution is y = Ae* +
Bcosz + C'sinz so the solution to the original equation is y =
Az + Bcos(lnz) 4+ C'sin(ln ).

Substituting w = 3’ yields 23w + 8z*w” + 8xw’ — 8 = 0. By Problem
19, the 2z equation is W 4 5w + 2w — 8w = 0 with associated polynomial
(r —1)(r +2)(r + 4). The solution is w = Ae ™ + Be % + Ce* =
Az~* + Bax~%+ Cz. Integrate to get y = —1Az~> — Bx ™! 4+ $a?

The equation is

d* d?
m1m2£+(m1(l€2+k3)+m2(l€1 —|—]€3))W€1+(]{71]{724—]{71]{734—]{72]{73):61 =0.
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