Chapter 2

Section 2.1

It is recommended that students work out the solution starting with the expansion and not simply by plugging the
given function into the general coefficient formulas. The solution to 1 is given in full as a template. The solutions to
2-16 show only the calculation results. The easily-drawn sketches have been omitted.

1. Here L = 1, so we seek an expansion of the form

f(z) ~ % ap + Z[an cos(nmwa) + by, sin(nmrz)).

n=1

Integrating term-by-term over [—1, 1] and taking (2.3) and (2.4) into account, we find that

- 1 1
dz + Z {a /cos nrx) dx —|—bn/51n nmx da:] =ag
| e

1
-1

1 0 0 0
-1

We now multiply the series by cos(mmz) and then integrate over [—1, 1], making use of (2.3), (2.4), and (2.6):

1 - 1
/f cos(mmx) dx = % /cos(mmc) dx + Z [an/cos(mmc) cos(mma) dx
21 n=1= 7
—_————
0 {07 n #m,
1, n=m

1
+ bn/sin(mrx) cos(mmz) dx} = am
1

1 0
1 0
= apy = /f(:v)cos(mmc) do = /cos(mmc) de = — sin(mmc)’(il =0, m=12,....
mm
21 21

Finally, repeating the above operation but after multiplication by sin(n7z) and applying (2.3), (2.5), and (2.6), we
have

1 1 - 1
/f(x) sin(mma) de = %ao/sin(mmc) dx —|—Z [an/cos(mrx) sin(mmx) dx
-1 1

n=1 el

—_———
0 0
1

+ bn/sin(nﬂ'a:) sin(mmx) d:c} =bp,

-1

1, n=m

{0, n #m,
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1

0
= by = /f(x) sin(mma) de = /sin(mwx) dx = —%[cos(mﬁx)]gl
1 1

= —L[l —cos(mm)] = [(-1)" = 1] L, m=1,2,....

mm mm

Changing m to n in the coefficients, we obtain the series

f(xz) ~ % + Z[(—l)" - 1]L sin(nma).

nm

The convergence theorem now yields
1, —-1<2x<0,
(series) = ¢ 0, 0<z<l,
1/2, =z=-1,0,1.

2. Proceeding as in 1 but with L = 7, we have

3
=23, am =0, bp=[-D)"-1-2 m=1,2,...
ag ,a (D)™ = 1]—, m
- 3
= fl@)~ -5+ D1 =17 sin(n)
0, - <x<0,
(series) = ¢ —3, 0<z<m,
-3/2, z=-m0,7.
3. Proceeding as in 1, we have
1 0, by =[—(—1)"]— 1,2
an = am = U, m = —(— — m=1,4,...
0 ) mir
- 5
= fl@)~1+ ;[1 — (=1)"]— sin(nmz),
9 l<z<0,
(series) = ¢ 3, O<z<l,
1/2, z=-1,0,1.
4. Proceeding as in 1 but with L = 7/2, we have
ap=3, an=0, b —[1—(—1)7"]L m=1,2
0 — 9 m — Y m mr’ — sy
- 1
= flx)~ % + ;[1 - (—1)"]E sin(2nz),
1, /2 <z <0,
(series) = ¢ 2, 0<z<m/2,
3/2, x=-m/2,0,7/2.
5. Proceeding as in 1, we have
m—+1 2
ag=2, amn=0, by=(-1) —y m=12...
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= flz)~1+ Z(—l)n-H% sin(nmx),
n=1

. r+1, —-1l<zx<l1,
(series) =
1, r=—1,1.

6. Proceeding as in 1 but with L = 2, we have

ag =2, an=0, bm:(—l)mi, m=1,2,...
mm
> 8 nmwT
= ~1 —1)"— sin —
)~ 1 3o in
. 1-22, —2<z<2,
(series) =
1, r=-22.
7. Proceeding as in 1 but with L = 2, we have
00=0, am=[1—(-1)"] 2 by=[3- ()" —, m=1.2..
) m2ﬂ_2, mﬂ_, ) 3 )
= 2 nmwr 1 nmwT
= ~ 1— (=1)"] —— cos —= + [3 — (=1)"] — sin —
f(x) ;1{[ (=1)"] =35 cos =+ 3= (-1)"] — sin = }
1, —2<az<0,
. 2—z, O<z<2,
(series) =
1/2, z=0,
~1/2, z=-2,2.
8. Proceeding as in 1 but with L = 1/2, we have
=3 an=[- (D" g b= (1M m=12..
27 m27T27 mTr, ) )

= f(z)~ % + Z {[1 - (—1)"]# cos(2nmx) 4 [3 — (—1)"4]% sin(2mrx)},

142z, —-1/2<2<0,

0 1/2
(series) = ¢ ' <w<l1/2,
5/2, x =0,
2, v =—1/2,1/2.

9. Proceeding as in 1, we have

1 am:[(_l)m_l]L bm:_[(_l)m2+1]%, m=12,...

ap = _57 m2ﬂ_27
- 1 1
= flx)~ —i + ; {[(—1)” —1] 53 cos(nmz) — [(=1)"2 + ”E sin(mrx)},
T, -1<z<0,
. 20 -1, O<z<l,
(series) =
-1/2, x=0,

0, r=-1,1.
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10. Proceeding as in 1 but with L = 7, we have

™ 1 m m 1
— 5= by =[2—(-1)"2—(-1)"37]—, m=1,2,...

s mm

R CEEEDS {[(—1)" - 11# cos(nz) + [2 — (=1)"2 — (_1)"37T]% sin(n:c)},

=1

r—1, —1<x<0,
. 20 +1, O<z<m,
(series) =
0, =0,
/2, T = —T7,T.

11. Proceeding as in 1, we have

4 4
2 m m
ap = 30, am = (—1) R bm = (1) o M= 1,2,
= flz)~W 4 i (—1)" -2 cos(nmz) + (—1)"—- sin(nrz)
3 — n2m2 nm ’
. 2 —22x+3, —-l<z<l,
(series) =
4, z=-—1,1.
12. Proceeding as in 1, we have
= N 2 I—(-1D)"2 _1—(-1)"] .
= f(x) ~g+z{[(_1) 2~ 1] —— cos(nma) + EW) +2 ngﬁ) ]sm(mr:c)},
n=1
z2, -1<2<0,
. 1+2z, 0<zxz<1,
(series) =
1/2,  z=0,
2, r=—1,1.

3

13. Proceeding as in 1 but with L = 2, we have

et —1 2(et — 1) mm(et — 1)
= — m=()"=—" b, = ()" =1,2,...
agp 262 ) a ( ) 62(4 +m27r2)’ ( ) 62(4+m2ﬂ'2), m ) Ly
et —1 s " et —1 nmwr . onTx
= f(l‘) ~ W‘i‘;(—l) m(2COST—nﬂ'SIDT>,
(series) e’, —2<x<2,
series) =
(e72+4¢€?)/2, z=-2,2
14. Proceeding as in 1 but with L = 7/2, we have
247 2 4m? — 1+ (-1)™
= m = 71 4o\ b’m: ) :1725"'
a0 o (1—4m?)x (1 —4m?2)mm "
247 2 4n? — 14 (=1)"
:> ~Y R —— 2 - . . a< i 2
f(x) o —l—; {(1 ~ ) cos(2nz) + A= an?)nr sin(2nx) |,
1, —7m/2<x <0,
(series) = < sinz, 0<z < 7/2,

1/2, x=0.
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15. Proceeding as in 1 but with L = 2, we have

2 3 2
aozg, am:{(—l)m—cosm} bm:(—l)mﬂ——i-—sinm, m=12,...

2 | m2n?’ mm  m2m? 2
n i (—1)" nr| 2 nmr + ¢ 1)n+1 3 " 2 . nw| . nwx
- — COS — | —— Ccos —— - — sin — | sin ——
— 2 | n2x2 2 nt  n2m? 2 2 |’
0, —2<zx< -1,

(series) = ¢ 1+x, —-1<z<2
3/2, w=-22.

= flz)~

ool

16. Proceeding as in 1 but with L = 7, we have

ap =5, aym=—sin—, b, =—
mm 2 mm

2 mm 2 [ mﬂ']

nm

= f(z) ~ g + Z {% sin % cos(nx) + 2 {(—1)" — cos %} sin(n:z:)},
n=1

3, —wm<xz<m/2
(series) = ¢ 1, 7w/2<x<m,

2, x=-mmn/2,7.

Section 2.2

It is recommended that students work out the solution starting with the expansions and not simply by plugging the
given function into the general coefficient formulas. The solution to 1 is given in full as a template. The solutions to
2-14 show only the calculation results. The easily drawn sketches have been omitted.

1. First, we note that, since sin(nma/L) sin(mma/L) is an even function, we have (see Remark 2.9(ii) and (2.5))

L L
. nrx 1 . nwx . mur 0, n #m,
sin — sinmnzL dr = = [ sin—— sin dr =
/ L 2 / L L {L/2, n=m.

0 -r
Here L = 2, so the sine series has the form

nmwx

f(z) ~ Z by, sin 5
n=1

Multiplying the series by sin(mma/2), integrating over [0, 2], and taking into account the result above, we find that

2 - 2
/f(ac)smm—dx:an/smT smdex: m
0 n=l 9
0, n#m
1, n=m
2
= bmz/f(:v)sinﬂdxz/sm—xd = -2 cos T
mm 1
0 1
2 mm mm m
—%{COST—COS(TI’LW)]—%[COST—( 1) }, m=1,2,...,
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which, with m replaced by n, yields the series
=2 nmw nmwr
~ — — — (=)™ sin —.
f(z) Zmr[cos (-1) ]sm 5
According to the convergence theorem,
0, 0<z<l, =2,
(series) 1, l<a <2,
1/2, xz=1.
)

Since cos(mmx/L) and cos(nma/L) cos(mmx/L) are even functions, we have

L
mmx 1 mm B

/cos 7 d:c_z/cos da:—O,
0 —L
L L
/cos@cosmmcdx—l/cos@coswd:v— 0, n#m

L L -2 L L L/2, n=m.
0 -L

The cosine series for f with L = 2 has the form

nmwx
~ —a0—|— E ancos—.

Integrating the series term-by-term over [0, 2], we have

2 2 - 2

nw
/f(:v)d:vz%ao/d:ﬂ—l—Zan/cosde:ao
0 0 0

n=1

2 2
= aoz/f(a:)da::/darzl.
0 1

Doing the same again but after multiplying the series by cos(mmz/2), we find that

°[

2 2 2
oo
mmx 1 mmx nwx mmx
f(zx)cos dx = —ag | cos dx + E a, | cos —— cos dr = a.n,
2 2 — 2 2
0 0 n=L 7
| ——
0 0, n#m,
1, n=m
2 2
2
mmnx 2 . mnx 2 mm
f(z cos d:v = [ cos dxr = — sin = ——— sin , m=1,2,
2 mm 2 | mm 2
0 1

which, with m replaced by n, yields

By the convergence theorem,
0, 0<z <1,
(series) = < 1, l<ax<2,
1/2, xz=1.



2. Proceeding as in 1 but with L = 27, we have

4

mm

bm:—<1—cos%>, m=12,...

4
= f(=) NZE<1—COSn§> sinn—;,

n=1

(series) = 0, wm<az<2m x=0,
1, z=m,
and
4 . mm
ap =2, an=—sin—, m=12 ...
mm 2
=4 nmw nw
= ~1 — sin — =,
f(x) +n¥1n7r sin —- cos
2, 0<zx<m,
(series) = ¢ 0, 7 <z <2,
1, z=m.
3. Proceeding as in 1, we have
mm| 2
bm_{1+(—1)m—2cos—]—, m=1,2,...
2 |mm

= nmw| 2 nmwT
= ~ 14+ (-1)" —2cos — | — sin ——
f(2) ;{—l—( ) COSQ:|TL7T in—-,
1, O<z<l,
(series) =< —1, 1<z <2,
0, x=0,1,2,
and
4
ap =0, am:—sinm, m=1,2,...
mm 2
=4 nmw nmwT
= ~ — sin — e
f(z) ;mrsm 5 COS——,
1, 0<z <,
(series) =< —1, 1<z <2,
0, xz=1.

4. Proceeding as in 1 but with L = 7, we have

2
bm_—{5cos%—2—3(—1)m], m=1,2

mi

2, O0<z<m,

g Ly e

= f(z)~ i % [5 cos %T -2- 3(—1)"} sin(nx),
n=1

Section2.2 m 15
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-2, 0<z<m/2
3, /2 <x <,

series) =
( ) 1/2, z=mn/2,
0, z=0,m,
and
10
ag =1, am:——simm7 m=1,2,...
mm 2
> 10
= f(z) ~ % - 7;1 — sin% cos(nx),
-2, 0<z<m/2,
(series) = < 3, /2 <x <,
1/2, z=m/2.

5. Proceeding as in 1 but with L = 1, we have

2
b =12 —(=1)"]—, =1,2,...
2-(-)"—, m
= f(@) ~ D2 = (~1)"] = sin(nma),
n=1
. 2—x, O<zx<l,
(series) =
0, z=0,1,
and
m 2
Q0:3, am:[l—(—l) ]W, m:1,2,...

o0

= f(z) ~ % + Z[l — (=" n227rQ cos(nmz),

(series) =2 —x, 0<z<I1.
6. Proceeding as in 1 but with L = 27, we have

by = [1— (—1)™ — (—1)™67]——, m=1,2,...

mm
> 2 nx
- ~ ST = (=)™ = (=1)"67] = sin &
)~ S0 (1 )7 s
. 3z+1, 0<z<2m,
(series) =
0, x=0,2m,
and
246 (—1ym — 1] 22 1,2
ag = T, am = [(— —1]——, m=1,2,...
0 ) m27r
= f(x)~1+37T+i[(—1)"—1]£cosﬂ,
— n?m 2
(series) =3z +1, 0<az<2m.
7. Proceeding as in 1, we have
6 mm 4 mm 4
by = ——— COS & + — sin L 4 (1) —, m=1,2,...
——cos—5 +m27r2 sin = + (1) —, m



G 6 4 4
= f(:z:)wz [—— cosﬂ—l—m sinﬂ—l—(—l)"— sin@,

— nm 2 2 nmw 2
x, 0<z <,
. -2, 1<ax<2,
(series) =
-1/2, x=1,
0, r =2,
and
3 .omm 4 mm 4 B
ap = =5, am_ﬁsm 5 —|—m2 5 COS 5 R =1,2,.
T nm 4 nm 4 nmwx
= f(x)w—z—i—n:l (E sin — + 5= cos —- n27r2>COST’
z, 0<z <,
(series) = ¢ —2, 1<z <2,
-1/2, z=
8. Proceeding as in 1, we have
b = |2c0s ™" 1 = (—1)m5| 2 1,2
m = |2co08s — — 1 — (— —y m=12,...
2 mm
= nm 2 nwr
= ~ 2c08 — — 1 — (—1)"5| == sin —~
f(z) ;[cos2 (-1) ]mrsm 5
2z -1, O0<zxz<1,
. 20 +1, 1<x<?2,
(series) =
) ‘T:17
0, x=0,2,
and
- B m . mT 4 B
ap=4, an=-—2-(-1) 2+m7rsm7 pong m=12...
E 4
= f(x)~2+nzl—[2—(—1)"2+nwsinn§}m COS?,
20 -1, 0<z<1,
(series) =< 2x+1, 1<x<2,
2, z=1.
9. Proceeding as in 1, we have
mm 4 mm 2
bm = —— —Q - o -1 m_7 = 1727
mﬂ'cos2+mﬂ' mw281n2+( )mﬂ' mn
4 2 nmwr

= f(a:)NZ[—icosE+%

nmw 2

242, O<zx<l,
l—2z, 1<zx<2,

series) =
( ) 0, z=0, 2,

3/2, ax=1,

Section2.2 W 17
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and
mm 8 mm 4 4
_ _ : m—+1 _
G0=2, am=TTsinTm+ Cag s o — e ()T e, m= 12
=6 . nr 8 nmw 4 np1 4 nmwr
= f(x)wl‘i-;[ESlH?—FmCOS?—W (—1) — 3 COST7
242, 0<x<],
(series) = ¢ 11—z, 1<z <2,
3/2, x=1.
10. Proceeding as in 1, we have
m m 2,2 2
by ={(—-1)"8 =8 —[1+ (=1)"5]m*7w }m37r3’ m=12,...

2 nmx

Z{ "8 —=8—[14+(-1)"5]n 71'2}”327T3 sin 5

. 2?2+r—-1, 0<z<2,
(series) =
0, x=0,2,
and

4

8 m

ap = 3, am = [(— )5_1]m27r2’ m=1,2,...
4 nmx
= N——l-z 5—1 3 €08 ——

(series)::v +r—-1, 0<z<2.

11. Proceeding as in 1, we have

2
by, = [(—1)m8+m27r2—(8+3m27r )cosn; +2mws1n%}m, m=1,2,...

- 2
JI) ~ Z |:(—1)"8 + n27'(2 _ (8 —+ 3TL27T2) COS % + 2nm sin % :| W sin %,

x4+ 1, O0<x <1,
22 -2, 1<x<2,
1/2, =1,
0, z =0,

(series) =

and

2
= {[(—1)’”2 — 1]2mm + 2mm cos % + (8 + 3m*n?) sin %}myrs’

> 2
= f(z)~ 15—2 +7; {[(—1)"2 —12n7 + 2n7rcos% + (8 + 3n’7?) sin% }W cos ?,
r+1, 0<z <,
(series) = ¢ 22 — 2z, 1<z <2,

1/2, x=1.



12. Proceeding as in 1 but with L = 1, we have
2

b ={1— (D)™ +[2—(-1)" — (=1 I — =1,2,...
(1= ()" + 2= (-)" = (~Dmem®r*} = m=1,2,
n 22 .
2{1— )" 2= (21)" = (21) et — o sin(nma),
. 1+e* O0<z<l,
(series) =
0, z=0,1,
and
2[(=1)™e — 1]
a0:2€, amzw, m:1,2,...
2[(=1)"e—1] nwx
= Ne—l—z 1—|—7’L27T2 cosT,

(senes)zl—l—e , 0<z<1L

13. Expanding only the term z and proceeding as in 1 but with L = 7, we have

2
by = (=)™ = m=1,2,...
m

2
= f(z) ~sinz + g "Jrl sm(na:) = 3sinz + g D™ 2 sin(nx),
n
n=2

. rz+sinz, 0<x<m,
(series) = 0
b) :I: = 7T7

and, considering the case m = 1 separately,

4 4 2[2m2 + (—1)™ — 1]
_4 S =2,3,...
G=gtm @ o ¢ (1 —m2)m2nm "
2 1 4 2[2n2 + (-1)" — 1]
= f(z) ~ = + 5~ o C0ST +nz:2 A= n?)nir cos(nx),

(series) =z +sinz, 0<azx <.

Section2.2 m 19

The coeflicient a; in the cosine series is computed separately because the general coefficient a,, assumes the indeter-

minate form 0/0 for m = 1.

14. Proceeding as in 1 but with L = 7 and considering the case m = 1 separately to avoid the form 0/0, we have

1 2 1 1
b=, bm:;{[(—l)m—cos%}a—i-mg_l (m—sin%)}, m=23,...

series) =
( ) —-1/2, x=m/2,
0, z=0,m,
and
2 1 2 n 1 2 . 9+ T mm
ag = — — a1 =—+=, Qn=—|—sinmnr cos sin —,
0T T ’ T T 1—m?2 2 2
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1 1 (2 1 21 1
= f(z)~ —=3 + (; + 5) cos:c—l—é;(a sin nm2 + 2 Cos %) sin%rcos(n:r),
cosxz, 0<uz<m/2,
(series) = ¢ —1, /2 <z <m,
-1/2, z=m/2.



