Chapter 2

Section 2.2

2-1

Show that (2.2-4) is equal to (2.2-5).
L2 )
D(f. f)=F {Agect(n, [} = A, [ | exp(+j2mfyx,)dx,

. L2
exp(+j27mfy x,) |7L/2

L/2 . B 1
j_m XP(H/2f )y =

X

1
= arlewtinfl) —exp-jnf, L)

X

) 1
Since sino = _—2[exp(+ jo)—exp(—ja)l,
J

_sin(zfy L) I3 sin(rwf, L)
-~ omfe O mAL

/2
’ exp(+j2xf, x,)dx = Lsinc( f, L)
12 XA A X

= D(f. f)=F, {A,rect(x, /L)} = A, Lsinc( f,L)



2-2

Verify (2.2-9).

D(f, f) = AyLsine( f,L) = A,1 22 E)
nf, L
_ sin(0) 9
D(f,0)=A,L =3

Since 0/0 is an indeterminate form, must use L’Hospital’s rule to evaluate D( f,0).

d .
Numerator: T A,Lsin(rcf, L) = 1A, L’ cos(nf,L)

X

, d
Denominator: d—ﬂ: fxL=mL
X

mA, L cos(rtf, L)
L

o D(f,0)= =A,L and |D(f,0)|=A,L

fx=0



2-3

Derive the normalized, far-field beam patterns of the following aperture functions,
expressing your answers in terms of the spherical angles 6 and y :

(@) A(f,y,)=A rect(y, /L)

(b) A(f,z,)=A,rect(z, /L)
Recall: if A(f,x,)=A,rect(x,/L),then D,(f, f;)=sinc( fyL) . Therefore,
(a) if A(f,y,)=A,rect(y,/L),then D ,(f, f,)=sinc(f,L)

v sin@siny
—,

Since fY:E: n DN(f,O,y/):sinc(%sin@sinl//)

(b) if A(f,z,)=A,rect(z,/L),then D,(f,f,)=sinc(f,L)

Since f, :%:$, D\ (f,0,y)= sinc(%cos@)



2-4

The aperture function of a linear aperture lying along the X axis is given by

A )=l )= -A,, —-L/2<x,<0
(fx)=alf-x0=\ 0<x,<L/2.

Find the unnormalized, far-field beam pattern of the aperture. This amplitude response is
an example of an odd function of x, .

Note: The amplitude response along the negative X axis is 180° out-of-phase with the
amplitude response along the positive X axis.

DU, f)= F LA x0} = [ AC.x)expte j2mf, ) d,

0 . L/2 .
D(f. f)==A [, exp(j2nfyx, ) dx,+ A, [ exp(+janfx,dx,

1 . 0 1 ) L)2
D(f, fx)=—A, onf eXP(+J2775fxxA)|_L/2 +4, Wexp(+]2anxA)|O

“A A, , ~
D(f, f)= anf, [1-exp( ]ﬂfXL)]+j2ﬂfX [exp(+jmf,L)—1]
A
D(f, f,)=—"2—[-1+exp(—jrf,L)+exp(+jnf,L)—1]
J2rfy
D(f, f)= Ay [2cos(mf L)-2]=j Ay [1-cos(nf,L)]=j Ay [1-cos(27f, L/2)]
2w, . TTfx . TTfy :

1-cosa) =2sin*a, oo=nf,L/2

D(fof)= &Q{L—/z

24, ., ~
L i et

} sin*(mf, L/2)

24,17 in(f,L/2) ]
D(f, f) = j==2 nfx{sm(”fx / )}

4 rf,L/2

2

AL
D(f, fy)=]j A2 nf, sinc’( f,L/2) unnormalized, far-field beam pattern

fy=u/A, u=sinOcosy

10



AL L
D(f,u)=j A2 ﬂzsincz(—u)

Note:

A 2A
D( f,u) is an imaginary, odd function of u

At broadside (u=0), D(f,0)=0

D(f,—u)=-D(f,u) odd function of u

11



2-5  Derive (2.2-20) by evaluating the spatial-domain, Fourier integral.

DU, f) = F LA x0} = [ ACxexptej2mfy ) d,

. A
A(f,x,)=A4, U‘i(f) where tri(f‘) 2 L/2’
0, |x,|>L/2

|x,|<L/2

Since tri(x, /L) is a real, even function of x,,

D(f. f)=2A, [ ti(x, /L)cos(2nf, x,)dx,

44,
_2Aj cos( 2 x, ), = [ 2 x cos(2mf, x, )dx,

sm(27erxA)|L/2 sin(zfl) L —sinc( f,L)

L2
cos(2rm dx, =
.[o (27fy x,)dx, rf, 27 f, >

J-L/z 2,027, x, ), [cos(ZﬂfXxA) N xAsm(ZﬂfXxA)}
0 (2 fX zan 0

_ cos(wf,L)—1 N £ sin(zrf, L)
Qrf,) 2 2rf,

1—cos(zfyL)
Qrf,)y

2

= LZ sinc( f, L)—

4A, 1—cos(mfyL)
L Q2nf,)

_ 2 o L) 2 o TfL
DU fo=— (2 7ty Sm( 2 )‘AAmeXL)Zsm( 2 )
_AL 2 2 sinz(ﬂfXLj
4 (ﬂijL) 2

2

B (x| _AL . of kL
D(f,fX)—FXA{AAtn(L)}— 5 smc( 5 )

= D(f. fy)=

L
and since 1-cos(nf,L)= ZSinz(%j ,

12



2-6

Show that
F {8 fi & fO) =exp(E 27 f{x,) .
Note: Use the sifting property of impulse functions.

FH8(fex fO) = IZ S(f  f)exp(—j2nf, x,)df, = exp[— j27(F f{)x, |
FH8(f £ fO)} = exp(j27fy x,)

13



2-7

Show that

g(x)1<5(x Tx,)=g(xxx,),
where the asterisk denotes convolution with respect to x , and x, is an arbitrary constant.

Note: Use the sifting property of impulse functions.

g()#8(xtx,)= [ g()8(x-trx,)dr=] g)8(lxtx,]-T)dz

gx)x6(xtx,)=g(x*x,)

14



2-8  The complex frequency response (complex aperture function) of a linear aperture lying
along the Y axis is modeled by the cosine amplitude window. Evaluate the normalized,
far-field beam pattern of the aperture at 6 =40° and w =108°.Use L/A=2.

Replacing f, with f, in (2.2-35) yields

cos(f, L) v sin@siny
D s = h ="
Cos(ﬂ:LsiHQSinl//j
D\(f,0,y)=

2
1—(2isin05iny/j

cos(27sin40°sin108°)  cos(3.841)  —0.765
1—(4sin40°sin108°)* 1—(2.445)> —4978

D,(f,40°,108°) = =0.154

15



2-9

If the aperture function of a linear aperture lying along the X axis is modeled by the sine
amplitude window, that is, if

A(f.x)=a(f,x,)=A,sin(mx, /L)rect(x, /L) ,

then find the unnormalized, far-field beam pattern of the aperture. The sine amplitude
window is an example of an odd function of x, .

Note: at x,=—L/2, a(f,x,)=—-A,;at x,=0, a(f,x,)=0;at x,=L/2, a(f,x,)=A4A,

The sine amplitude window is an odd function of x,. The amplitude response

along the negative X axis is 180° out-of-phase with the amplitude response along
the positive X axis.

D(f.f)=F, {A,sin(mx, /Lyrect(x, /L)}

= AAFXA{sin(nxA /L)};k FxA{rect(xA /L)}

= A,LF, {sin(7x, /L)}}k sinc( f, L)
sino = %[exp(+joc) —exp(—jo)]

J
sin(zrx, /L) = .iz[exp(+j7zxA /L)—exp(- jmx, /L)]
J
1

F{exp(E 2mfix )} =0(f £ K=o

{2l e

AL 1) 1 :
D(f, fy)= 2 _6(fx+2L) S(fx 2Lj:|}ismc(fo)

AL[
J2 L

stz ool

D(f’fx):

1 . 1 .
6(fx+zj;smc(fXL)—5(fX—z)}ismc(fXL)}

16



/4 /4
sinf tf,L+— | sin| nf,L——
DU S =74 2/ 2

T T
nfyL+— nfyL——
fel+ fel =3

sin(n’fXL + %) =tcos(rwf,L)

A,L| cos(mwf,L) —cos(xmf,L AL 1 1
DO, fyy= 2| SERD ZCOER D A oy et
J ﬂ'fXL'FE ﬂfXL—E J ﬂ'fXL+5 ﬂ:fXL—E

7erL—§+7erL+E

DS, f) =45 cos(mfy L) ——2 2= A st ) —2LE
j T AN ,
(n’fxl‘ + > j(nfxl‘ 2 ) (7Z?fXL) 4
rf L 4f,L

=—jA,Lcos(rf,L)

D(f, fy)=—jA,Lcos(mf,L) >
Fof==J 5 n{ a[@fLy 1]

, 1
(fo) _4:|

4A,L cos(mf,L)
1-Q2fLy

D(f. f)=1]

fx unnormalized, far-field beam pattern

fy=u/A, u=sinBcosy

L
5 cos(ﬂu)
D(fany=j et ALY

N

Note: D(f,u) is an imaginary, odd function of u

At broadside (u=0), D(f,0)=0

D(f,—u)=-D(f,u) odd function of u

17



2-10  Derive the normalized, far-field beam patterns of the Hanning, Hamming, and Blackman
amplitude windows. Use the following trigonometric identity: sin( £7)=—sin .

Hanning amplitude window

a( f,x,)=05A,rect(x, /L)+0.5A, cos(2mx, /L)rect(x, /L)
D(f, f)=05D(f. f)+05D,(f. f,)

D(f, f)=F, {A,rect(x,/L)} = A, Lsinc( f,L)
D,(f.f,)=F,{A,cos(2mx, [ Lrect(x, /L)}

Substituting d = L into (2.2-29) yields

D(f. f)= Agl‘ {sinCfo +%jL}+ sinchX —%)L}}

_AL|sin(zf,L+7) N sin(wf,L—1)
2| m(fL+D)  w(f,L-1)

AL ! 1
= Sm(”fXL)[(fXLH)JF(fXL—l)}

_ AL 2f,L
iy sm(n:fXL)—( fo)z 1

B 2mx, Xa |l . M
D(f. f)= FXA{AACOS( i )rect( . )} =A,L smc(fXL)l_(fXL)z

DOf, )= 25 sne( L)+ 24 sine( XL)%
AL (ALY
= SIHC(fXL)|:1 * 1- (fo)2 :|

D(f, fy)= A,L sinc(fxL)

2 1=(fL)

Since Dmax:|D(f’0)|: AEL 4 DN(f’fX): ;TE(JCfXLZ;B

18



Hamming amplitude window

a(f,x,)=054A,rect(x,/L)+0.46A,cos(2nx, /L)rect(x, /L)

D(f, f)=0.54D,(f, fy)+0.46D,(f, fy)

D(f, fx)= E(A{AA rect(x, /L)} =A,Lsinc( f,L)

(from “Hanning”)

- 275, \ et 0\ 2 4, Lsine( f1)— LY
D,(f, fx)= F;A{AACOS( 3 )I'CC'[( 3 )} =AL SlIlC(fXL)l_ (fXL)2
D(f, fy)=0.54A, Lsinc( f, L)+0.46A, Lsinc( f; L)M

1_(fXL)2
= A, Lsinc( fXL)[0.54 +0.46 (fX—L)z}
1_(fo)
= A, Lsinc( f, L) 0.54-0.54( L) +20'46(fo)
1_(fXL)

_ 0.54—0.08(f,L) .

D(f, fr)=A,L (L) sinc( f, L)
i = — 1 0.54—0.08( f, L)’

Slnce Dmax_ D(f’0)| - 054AAL ’ DN(f’ fX)_ 054 1_(fXL)2

Blackman amplitude window

a(f,x,)=042A,rect(x,/L)+0.5A,cos(2mx, /L)rect(x,/L)+

0.08A,cos(4mx, /L)rect(x, /L)
D(f, fx)=042D,(f, fy)+0.5D,(f, £ ) +0.08Dy(f, fx)

D(f, fx)= E(A{AA rect(x, /L)} =A,Lsinc( f,L)

D,(f, fx)= FXA{AA cos( 27:(*‘ )rect(%)} = A, Lsinc( f,L)

Dy(f. fy)=F, {A,cos(4mx, /L)rect(x, /L)}

Substituting d = L/2 into (2.2-29) yields

(fyL)’

1= (fL)’

sinc( f,L)

(from “Hanning”)

19



Dy f.f)= AgL {sinc[(fx +%)L}+ sinchX —%jL}}

_AL [sin(n fil+27) | sin(rfyL— 27:)}

2 | m(fyL+2) n(f,L-2)
_ L sin(ﬂfXL){ b, 1 }
2z (fxL+2) (fyL-2)
AL . 2f, L
= sm(anL)(fo)2_4
= M ) et 22 2 4 L (L)
Dy(f, fx)= FXA{AACOS( . jrect( . j}— AALSInC(fXL)(fXL)2—4
D(f, )= 0.42AALsinc(fXL)+O.SILxALsinC(fXL)MJr
1_(fo)2
- (fL)
0.08A,Lsinc( f,L) (.Ly—4
=AALsinc(fXL)[OAZ+0.5(fX—L)2—0.08—(fXL) .
1-(fxL) 4—(fL)

1.68—0.18(fXL)2
1= (f L) ][4 - (ALY ]

D(f, fy)= AAL[ sinc( fyL)

1 1.68—0.18( f, L)

Since D__ = 042 [1—(fXL)2][4_(fXL)2:|

max

sinc( fyL)

D(f,0)|=042A,L, Dy(f. f,)=

20



Section 2.2 Appendix 2A

2-11 Find the transmitter sensitivity functions for the following complex frequency responses
of a continuous line source lying along the X axis where A,(f) is a real, nonnegative

function of frequency:

(a) rectangular amplitude window: A,(f,x,)=A,(f)rect(x, /L)

(b) cosine amplitude window: A,(f,x,)=A,(f)cos(rx,/L)rect(x,/L)

From Appendix 2A: S,(f)= J._m A,(f,x,)dx, where S,(f) has units of (mS/sec)/V

@ S,(H=AD] reett, /Lydx, =40 | ax,

S (f)=A)L

Note: S,(f) isreal in this case because A,(f,x,) is real. Also,if A,(f)=A,,then
S;(f)=A,L is the normalization factor D, for the far-field beam pattern

of the rectangular amplitude window given by (2.2-2) [see (2.2-9)]. Also see
Appendix 2D for computing D__ .

(b) S,(/)=A(f)] cos(mx,/Lyrect(x,/L)dx, = A f)j_LL/ /22 cos(zx, /L)dx,

L/2

L . L. )
sT(f):AA(f);Sln(ﬂ:xA/L)|_L/2 = A(f);[sm(ﬂ/2)—sm(—fr/2)]

2L
Sr(f)=Af)—
T

Note: S,(f) isreal in this case because A,(f,x,) is real. Also,if A,(f)=A,,then

2AL is the normalization factor D, for the far-field beam pattern

sT(f):

of the cosine amplitude window given by (2.2-30) [see (2.2-34)]. Also see
Appendix 2D for computing D__ .

21



2-12

If the transmitter sensitivity level (transmitting voltage response) of a continuous line
source at 16 kHz is 140 dBre1 uPa/V at 1m, then what is the value of the magnitude

of the transmitter sensitivity function in (m3/ sec)/ V? Use p,=1026kg/m’ for the

ambient density of seawater. The length L of the continuous line source is less than
0.632m or 2491n.

See Appendix 2A:

transmitter sensitivity level: TSL(16 kHz) =140 dBre 1 uPa/V at I m

transmitter sensitivity: TS(f)= TS, 10""""/**! where TS ,=1uPa/V

ref

TS(16 kHz) = TS, 10" 109/ = (1% 107°)10"***) Pa/V =10 Pa/ V

ref

magnitude of the transmitter sensitivity function:

2 3
|5,(f)]==TS(f) m/see ; o632m
fp() r=Im V
2 2 P
| 5,(16 kHz)| = d TS(16 kHz)| = S 10—
(16x10° Hz)p, T (16x10° H)(1026 kg /m*) ~ V
4
_sec P
| 5,(16 kHz)|=1.218 X107 ——— =
kg V
since 1Pa=1- and IN=18™ jpy=1 K&
m S€C m-Sec
= kg 1 3
- | 5,(16 kHz)|=1.218 107 = gz_:1_21gxlofﬁﬂ
kg m-sec”V v

22



2-13

If the receiver sensitivity level (open circuit receiving response) of a continuous line
receiver at 2 kHz is —195 dBre 1 V/uPa, then what is the value of the magnitude of the

receiver sensitivity function in V/ (mz/ sec)? Use p,=1026kg/m’ for the ambient

density of seawater.
See Appendix 2A:

receiver sensitivity level: RSL(2 kHz)=-195dBre1V/uPa

receiver sensitivity: RS(f)=RS,_, 10"/ where RS_,=1V/uPa

ref

lO[RSL(ZkHz)/ZO] — 1 10[—195/20] X — 106 % 10—9.75 l

RS(2kHz)=RS,; 1X10-° P P

RS(2kHz)=1x10">" V/Pa=0.178 mV/Pa
magnitude of the receiver sensitivity function: |$ (f )| =2rfp,RS(f) V/ (m2 / sec)

| 5.2 kHz)|=27 (2% 10’ Hz) p,RS(2 kHz)

kg V
| S.(2 kHz)| =27 (2% 10" Hz)(1026 kg /m*)(0.178 x 10~* V/Pa) = 2295 — £ ¥
m’ - sec Pa

since 1Pa:l£2 and lNzlkg_T, 1Pa=1 ke >

m sec m-Sec

k -sec’ \Y%
- | SW(2 kHz)|=2295 —= =0 v —2095
m’-sec kg m’/sec

23



Section 2.3
2-14 Compute the 3-dB beamwidths of the horizontal, far-field beam patterns of the

rectangular, triangular, cosine, Hanning, Hamming, and Blackman amplitude windows
for L/A=05,1,2,and 4.

Au Au
Ay =2sin™'| — |, —<1
v (2) 2

From Table 2.3-1:

Amplitude Window Au
rectangular 0.8861/L
triangular 1276 A /L
cosine 1.189A/L
Hanning 1441A/L
Hamming 1.3031/L
Blackman 1.644A/L

Ay (deg)

L/A | Rec | Tri | Cos | Han | Ham | Blk
0.5 1247 | NA | NA | NA | NA NA

1 52.6 1793730922 | 81.3]110.6
2 25.6 1372|346 422 | 380| 485
4 12771184 |17.1 208 | 18.7| 23.7

A
Note: NA means that 7” >1 so that Ay does not exist.

24



2-15 Consider a linear towed array (an example of a linear aperture) lying along the X axis.
The amplitude response of the aperture is modeled by the rectangular amplitude window.
How long must the aperture be in order for the 3-dB beamwidth of the horizontal, far-
field beam pattern to be 10° at broadside for f =100 Hz ? Use ¢=1500 m/sec.

A A
Al//=2sin1(7u), =3

Au= 0.8861 so that ﬂ = 0.443&
L 2 L

Al//=2sin1(0.443&j, sin(A—w)=0.443&, L=0443—*
L 2 L sin(Ay/2)

¢ _ 1500 m/sec

=15m and Ay =10°

£ 100 Hz
L=04d3—2 0443 ™ _260m
sin(Ay/2) sin(10°/2)

25



Section 2.4

2-16  Consider a linear aperture lying along the X axis.If f=1kHz and ¢ =1500 m/sec, then

(a) what must the phase response of the aperture be in order to steer the mainlobe of the
aperture’s far-field beam pattern to 8’=49° and y’'=71°.

(b) Repeat (a) for a linear aperture lying along the Y axis.
(c) Repeat (a) for a linear aperture lying along the Z axis.

u’ _ sinf cosy’

(@) O(f,x,)=-2mf;x, where fi=— and ﬂ,:?

A A
_c _1500 m/sec —15m
£ 1000 Hz
(1 kHz, x,) = —2nwh =-1.0292m™ x, rad
D m

, , V' sin@’siny’
() 6(f,y,)=-2xrf/y, where fY:E:Tw

6(1kHz, y,)= —2nwn =-2989m™ y, rad
D m

’

w’  cos®’

(©) 8(f.2)==2mf/z, where f/=—-=—

cos49°
1.5m

6(1kHz,z,)=-21 7,=-2.748m" z, rad

26



Section 2.5

2-17 Compute the 3-dB beamwidths of the horizontal, far-field beam patterns of the
rectangular, triangular, cosine, Hanning, Hamming, and Blackman amplitude windows
for the following beam-steer angles: y’=90° (broadside), 75°, 60°, 45°, 30°, and 0°

(end-fire). Use L/A=4.

For y’=90° (broadside), use Ay =2sin”' (%) , % <1

For w'=75°, 60°, 45°,and 30°; use
Al//zcosl(cosy/’—%)—cosl(cosy/’Jr%), cosy/’i% <1
For y’=0° (end-fire), use Ay = 2cosl(1 —%), ‘1—% <1

From Table 2.3-1:

Amplitude Window Au
rectangular 0.8861/L
triangular 1276 A /L
cosine 1.189A/L
Hanning 1441A/L
Hamming 1.3031/L
Blackman 1.644A/L

Ay (deg)

v’ (deg) | Rec | Tri | Cos | Han | Ham | Blk

90 12771184 | 17.1 | 20.8 | 18.7 | 23.7
75 132 119.0 | 17.7|215| 194|246
60 147712141199 242 | 218 |27.7
45 1831269249 |30.7| 275|358
30 286 | NA | NA | NA | NA | NA
0 5441656 |633|699 | 663|748

Note: NA means that >1 so that Ay does not exist.

A
cosw’iTM

27



2-18 The complex aperture function of a linear towed array (an example of a linear aperture)
lying along the X axis is modeled by the rectangular amplitude window. The length of
the aperture is 200 m. Using f=60Hz and ¢=1500 m/sec, compute the 3-dB
beamwidth of the horizontal, far-field beam pattern of this aperture at

(a) broadside
(b) a beam-steer angle of 30°
(c) Compute both half-beamwidth angles at a beam-steer angle of 30°.

(d) Repeat (a) through (c) for f=100 Hz .
For a rectangular amplitude window, Au=0.886 /L

c 1500 m/sec _

f=60Hz, A=—=—F—=25m
f 60 Hz
Au Au
Ay =2sin™'| — |, —<1
o sy ),

Ay = 251n1(0.443&j —osin| 044322 | _ g 30
L 20

0 m

b) Ay =y -y, , y/:cos'(cosw’—%j, W+:cos‘(cosw’+%j

2
¥ =cos” (cos v - 0.443&j —cos™'| cos30°— 044322 | _ 35 g
L 200 m
2
W, = cos” (cos v+ 0.4431) —cos”'| c0s30°4+0443 22 | 55 g
L 200 m

Ay =y —y, =358°-229°=129°
©) W —y,=30°-229°=7.1°
Y —y’=358°-30°=58°

(d) £=100Hz, 4o _1500m/sec o
f 100 Hz

28



1
(a) Ay =2sin"' (0.443%) = 2sin” (0.44325—mj ~3.8°

®) Ay =y -y,

v_=cos” (cos v - 0.443%j =cos '

W, =cos’ (cos v+ 0.443%) =cos”'

Ay =y —y,=33.6°-259°="7.7°
() y'—y,=30°-259°=4.1°

W —y’'=33.6°-30°=3.6°

00 m

C0530°— 0443 2™
20

O m

€0530°+ 0443 2™
20

m

=33.6°

=259°

29



2-19 Consider a linear aperture lying along the X axis.

(a) Show that the 3-dB beamwidth of the vertical, far-field beam pattern in the XZ plane
is given by

<1

- 9

A A
AG = sinl(sinO’Jr?u)— sin'(sin@’—%],

sin@’ t ﬂ
2

where 6’ is the beam-steer angle in the XZ plane. Note that 6’=0° corresponds to
an unsteered vertical beam pattern and, in this case, Af reduces to (2.3-19) since

sin”'(—x)=—sin"'(x).

Hint: follow a procedure analogous to the one used to derive (2.5-12).

(b) Show that the 3-dB beamwidth of the vertical, far-field beam pattern in the XZ plane
steered to end-fire is given by

<l1.

Aezzcos‘(l—ﬂj, ‘1—ﬂ
2 2

Hint: follow a procedure analogous to the one used to derive (2.5-19).
(a) In the XZ plane along the positive X axis where y =0°, u =sinf.
o AB=0,—6 =sin"'(u,)—sin"'(u_)

, Au

u=u'+—, u=u

’

A .
e , u'=sin6’
Substituting yields
<1

A A . A
A9:sin1(sin9’+7u)—sin'(sin@'—%j, sm@’iju

(b) In the XZ plane along the positive X axis where ¥ =0°, u=sin6. Let 8"=90°
p g P 14
(end-fire). .. u’=sin@’=sin90° =1. As a result,

A6
Since the beam pattern is symmetric about 8 =6"=90°, 6_=90°— - As aresult,
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u_ =sinf = sin(90°— A_Oj = COS(A—QJ
2 2

Equating the right-hand sides of both equations for u_ yields

(Ae) Au
cos| — |=1—-—
2 2
A A
AOchos'(l——uj, ‘1——” <1

2 2
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Section 2.6

2-20 The spherical coordinates of a sound-source (target) as measured from the center of a
linear towed array (an example of a linear aperture) lying along the X axis are
r,=4km, 6,=100°, and y,=75°. The length of the aperture is 100 m. If f=1kHz

and ¢=1500 m/sec,
(a) is the sound-source in the aperture’s Fresnel region or far-field?

(b) What must the phase response along the length of the aperture be if the aperture’s far-
field beam pattern is to be focused (if required) and steered to coordinates

(15,05, y75)?

(c) If the range to the sound-source r; and the vertical angle 6, remain the same, but the
bearing angle changes to y,=65°, is the sound-source in the aperture’s Fresnel
region or far-field?

(a) First check the Fresnel range criterion 1.356R, <r <nR: /A

RA:§:%:SOm, r. =1356R,=1356x50 m=67.8m

¢ 1500 m/sec nR’ 7 (50 m)’
=—=——0-——=15m, ngg= 4=

£ 1000 Hz A 15m

=5.236 km

Since 67.8 m <r;=4 km < 5.236 km , the Fresnel range criterion is satisfied.
Next, check the Fresnel angle criterion 72°< ¢ <108°, where ¢ = cos (7, +7,).
F=UgX+Vg Y+ W2

7, =X because the linear aperture is lying along the X axis.

Iye T, =tug=*£sin6; cosy, = £sin100°cos 75° = £0.255

¢ = cos '(0.255)=75.2°. The angle criterion 72°< ¢ <108° is satisfied.

¢ = cos '(=0.255) =104.8° . The angle criterion 72°< ¢ <108° is satisfied.

Since both the range and angle criteria are satisfied, the sound-source is in the Fresnel
region of the aperture.

(b) Aperture focusing is required along with beam steering.
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S O0(fox)=0,(f)x, +6,(f)x;

u’ _ sinf cosy’ sin@’ cosy’

O(f)==2nf;, fk=F=—"7—"—, 0(f)=-2x
A A A

k o _2nf 2%
2r c A

v/
6,(f)= 0=

A=15m, r'=r,=4km, 6’'=6,=100°, y'=y,="75°

sin100°cos 75°
1.5m

6,(1kHz)=-2x =-1.0677m™

T
1.5 m x 4000 m

0,(1kHz) = =5236%x10"*m™’

Substituting yields
6(1kHz,x,)=-1.0677m" x, +(5.236 x10"* m?) x; rad

(c) Since r; remains the same, the Fresnel range criterion is satisfied. Check the Fresnel

angle criterion 72°< ¢ <108°, where ¢ =cos '(7;+7,).
Fye T, =tu,=*£sin6; cosy, = £sin100°cos65°=£0.416
¢ =cos '(0.416) = 65.4° . The angle criterion 72°< ¢ <108° is not satisfied.

¢ =cos '(=0.416)=114.6° . The angle criterion 72°< ¢ <108° is not satisfied.

Since the Fresnel angle criterion is not satisfied, the sound-source is not in the Fresnel
region of the aperture. However, since ry < ryy » the sound-source is in the near-field

region of the aperture. Aperture focusing is still required, but in the near-field region
of the aperture outside the Fresnel region, a quadratic phase response can only
approximately focus a far-field beam pattern.
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