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Chapter 3

Operators

(@) g=Af =(d/dx)cos(x* +1) = —2xsin(x? +1);
(b) zzlf = 5sinx = 5sinx;

() ;If =sin® x;

(d) exp(lnx) =" =x;

(e) (d*/dx*)In3x = (d/dx)3[1/(3x)] = —1/x*;

() (d*/dx* +3xd/dx)(4x>) = 24x +36x°;

(@) (@/ay)[sin(xy*)] = 2xy cos(xy?).

(a) Operator; (b) function; (c) function; (d) operator; (e) operator; (f) function.
A=3x%+ 2x(d/dx).
1, (d/dx), (d?/dx*).

(a) Some possibilities are (4/x) x and d/dx.
(b) (x/2) x, (1/4)( )
(©) (1) x, (4x)" didx, (1/12) d*/dx’.

To prove that two operators are equal, we must show that they give the same result when
they operate on an arbitrary function. In this case, we must show that (4 + B) f equals

(Z§ + /]) f. Using the definition (3.2) of addition of operators, we have
(A+B)f = Af + Bf and (B+ A)f = Bf + Af = Af + Bf, which completes the proof.

We have (,:1+l§)f = é‘f for all functions f, so ,21f+l§f = é‘f and /]f = éf—l?f Hence
A=C-B

@) (d*/dx*)x*x® = (d /dx)5x* =20x°;
(b) x*(d?/dx*)x® = x*(6x) = 6x°;
(€) (d* /D)X f(x)] = (d/dx)2xf + x> ) =2 f +4xf" + x> "
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(d) xX*(d*/dx*)f=x>f"

3.9  ABf =x*(didx)f =x*f",s0 AB = x>d/dx. Also BAf = (dldx)(x* ) =3x>f +x>f", so
BA=3x? -+ x*d/dx

3.10 [(ﬁé)é’]f = (/All})(CA'f) = /Al[l}(CA'f)], where (3.3) was used twice; first with A and B in
(3.3) replaced by AB and C, respectively, and then with fin (3.3) replaced with the
function Cf. Also, [A(BC)]f = A[(BC) f]= A[B(Cf)], which equals [(4B)C]f .

311 (a) (A+B)*f=(A+B)A+B)f =(A+B)Af + Bf) = ACAf + Bf) + B(Af + Bf)
(Eq. 1), where the definitions of the product and the sum of operators were used. If we
interchange A and B in this result, we get (é + 121)2f = é(éf + Izlf) + ﬁ(éf + Izlf). Since
Af + Bf = Bf + Af, we see that (4 + B)> f =(B+ A)* f.
(b) If A and B are linear, Eq. 1 becomes (21+l§)2f = 1212f+21l§f+l§121f+§2f. If
AB = BA, then (A+ B)> f = A>f +2A4Bf + B[ .

312 [A, Blf =(AB—BA)f = ABf — BAf and [B, A|f =(BA— AB)f = BAf — ABf =
4, Blf.

3.13 (@) [sinz, d/dz]f(z)=(sinz)d/dz) f(z)—(d/dz)[(sinz) f(z)] =
(sinz) f"—(cosz)f —(sinz)f" =—(cosz)f, so [sinz, d/dz]=—cosz.

(b) [d*/dx?, ax* +bx+clf = (d*/dxH)[(ax® +bx+c¢) f1—(ax* + bx +c)(d* /dx*) f
= (d/d0)[Qax +b) f + (ax* +bx +¢) f']—(ax* +bx +¢) "

=2af +2Qax+b) f'+(ax> +bx+¢) f"—(ax* + bx +¢) f" = 2af + (4ax+2b) f",

8o [d?/dx?, ax* +bx +c] = 2a + (4ax + 2b)(d /dx).

(€) [d/dx, d*/dx*1f = (d/dx)(d*/dx*) f —(d*/dx*)d/dx)f = "= f"=0-f so
[d/dx, d*/dx*]=0.

3.14 (a) Linear; (b) nonlinear; (c) linear; (d) nonlinear; (e) linear.

315 [4,(x)d/dx"™ + A4, (x)d" V/dx" D -+ 4, (x)dldx + Ay (x)]y(x) = g(x)
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3.16 Given: A(f +g)=Af + Ag, A(cf)=cAf, B(f +g)=Bf + Bg, B(cf) = c(Bf).
Prove: AB(f + g) = ABf + ABg, AB(cf)=cABf.
Use of the given equations gives ﬁl}(f +g)= ﬁ(éf + ég) = zzl(l}f) + /](l?g) =
/Aléf + ﬁég, since éf and Z}g are functions; also, gll%(cf )= /Al(céf )= cﬁ(f}f )= cﬁf?f .

3.17 We have
ﬁ(é + é)f = /Al(l?f + éf) (defn. of sum of ops. B and é)
= A(Bf)+ A(Cf) (linearity of A)
= ,Zléf + IZICA'f (defn. of op. prod.)
= (,le} + zglé)f (defn. of sum of ops. AB and flé)
Hence zzl(é + é) = AB+ AC.

3.18 (a) Using first (3.9) and then (3.10), we have A(bf +cg) = A(bf) + A(cg) = bAf + cAg.
(b) Setting b=1 and ¢ =1 in (3.94), we get (3.9). Setting ¢ = 0 in (3.94), we get (3.10).

3.19 (a) Complex conjugation, since (f + g)*= f*+g* but (¢f)* = c*f* = cf*

(b) ( Y'(didx)( ), since ()Y (dldx)( )Y 'ef=( ) dldo)c =
( V' T ==cf2f and e ) (dldx)( Y f=c( ) (didof ' =
—c( ) = =¢f*1f", but
( ) 'ddx)( Y'(fre=( Y@a)f+g ' = Y+ (/' +g)]=
(e’ (f'+g) " £ ) daxy( Y+ ) dax Y'g=-ff-g%lg .

3.20 (a) This is always true since it is the definition of the sum of operators.
(b) Only true if A is linear.
(c) Not generally true; for example, it is false for differentiation and integration. It is true
if 4 is multiplication by a function.
(d) Not generally true. Only true if the operators commute.
(e) Not generally true.
(f) Not generally true.
(9) True, since fg = gf.

(h) True, since Bg is a function.

321 (a) TLf(x)+g(@)]=f(x+h)+g(x+h) =T,f(x)+T,g(x).
Also, T,[cf (x)] = ¢f (x +h) = ¢T, f(x). So T, is linear.
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3.22

3.23

3.24

3.25

(b) (7,7, -3T, +2)x* = (x +2)* =3(x +1)? +2x> = 2x +1.

P F(x) =+ D+ D214 D131+ f(x) = f(x) + f1(xX) + f"(x)/ 20+ f7(x)/3 4.

f] f(x)= f(x+1). The Taylor series (4.85) in Prob. 4.1 with x changed to z gives

f(2)= f(a)+ f'(a)(z—a)/ 11+ f"(a)(z —a)?/2) +---. Letting h = z —a, the Taylor series
becomes f(a+h) = f(a)+ f'(a)h/ 1+ f"(a)h*/2!+---. Changing a to x and letting
h=1, weget f(x+1)=f(x)+ f'(x)/ 1!+ f"(x)/2!+---, which shows that ef)f :f]f.

(@) (d*/dx*)e* =e* and the eigenvalue is 1.

(b) (d*/dx*)x* =2 and x* is not an eigenfunction of d*/dx” .

(c) (d*/dx*)sinx = (d/dx)cosx = —sinx and the eigenvalue is —1.
(d) (d*/dx*)3cosx =—3cosx and the eigenvalue is —1.

(e) (d?/dx*)(sinx + cosx) = —(sin x + cos x) so the eigenvalue is —1.

(@) (8%/ox? + 0% /9y )(e**e®) = 4e** e +9e**e*” =13e*"e”. The eigenvalue is 13.
(b) (&*/ox* + 8% 10y*)(x*y*) = 6x1° + 6x°y. Not an eigenfunction.

(c)

(62 /ox? +0° /8y2)(sin 2xcos4y) =—4sin2xcos4y —16sin2xcos4y = —20sin2xcos4y.
The eigenvalue is —20.

(d) (8%/6x* + &% /6y*)(sin 2x + cos 3y) = —4sin 2x —9 cos3y. Not an eigenfunction,

—(h?*2m)(d* ldx*)g(x) = kg(x) and g"(x)+ (2m/h*)kg(x) = 0. This is a linear
homogenous differential equation with constant coefficients. The auxiliary equation is

s> +(2m/h*)k =0 and s = £i(2mk)"?/h. The general solution is

. 1/2 . 1/2 . .
e’ Fm T o em1@mR) X 1f the eigenvalue k were a negative number, then &2

g =
would be a pure imaginary number; that is, k"% = ib, where b is real and positive. This

would make ik"? a real negative number and the first exponential in g would go to o« as
x — —oo and the second exponential would go to co as x — . Likewise, if k£ were an
imaginary number (k = a +bi = re'?, where a and b are real and b is nonzero), then K2
would have the form ¢ +id, and ik"? would have the form —d + ic, where ¢ and d are

real. This would make the exponentials go to infinity as x goes to plus or minus infinity.
Hence to keep g finite as x — +oo, the eigenvalue k£ must be real and nonnegative, and the

allowed eigenvalues are all nonnegative numbers.
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3.26

3.27

3.28

3.29

3.30

([ dx)f = f dx = kf. Differentiation of both sides of this equation gives

(d/dx)[ f dx = f =kf'. So dfldx =k f and (1/f)df = k™'dx. Integration gives
Inf=k'x+c and f =e‘"* = 4", where 4 is a constant and & is the eigenvalue. To
prevent the eigenfunctions from becoming infinite as x — too, k must be a pure
imaginary number. (Strictly speaking, Ae™ is an eigenfunction of [ dx only if we omit

the arbitrary constant of integration.)

d? fldx* +2df ldx = kf and f"+2f'—kf = 0. The auxiliary equation is s> +2s —k =0

1/2 1/2
and s = —1+(1+k)"?. So f = AR 4 Bl - where A and B are arbitrary

constants. To prevent the eigenfunctions from becoming infinite as x — oo, the factors

2 = ¢i, where ¢ is an arbitrary

=1+ci and 1+k:(1+ci)2 =1+ 2ic—c* and k = 2ic—c>.

multiplying x must be pure imaginary numbers: —1+ (1+ k)

real number. So £(1 +k)1/ 2

@ p) =iy (©@loy) =i’ /ey’ ;
(b) b, — 3p, = x(1/i)o/dy — y(h/i)o! éx;

(€) [x(h/D)o/dv] f(x, ¥) =—h*(x8/dy)(xdf 1dy) = —h*(x* & f 1oy?).
Hence (£p,)° = —h*(x* 8°/8y?).

(h/i)(dg/dx) = kg and dg/g = (ik/h) dx. Integration gives In g = (ik/h)x + C and

g =™ = 4™/ where C and 4 are constants. If k were imaginary (k = a + bi,

where a and b are real and b is nonzero), then ik =ia —b, and the e P factor in g makes

g go to infinity as x goes to minus infinity if b is positive or as x goes to infinity if b is
negative. Hence » must be zero and & = a, where a is a real number.

@) [%, p.1f = (/i) xdlox —(d/ax)x]f = (h/i)[xOf /ox — (d1ax)(xf)] =
(h/D)[xdf lox — f —x8f lox] = —(hli) f, so [%, p,.]1=—(Rli).

(b) [%, p21f = (W/i)*[x0*/ox* — (8% /ax)x]f = —h*[x > f/ox* — (8 /ox*)(xf )] =

—1*[x 8% f/ox* —x O flox* —28f 1ox] = 2h* Of /ox. Hence [%, pi]=2h*0/ox.

©) [x, p,1f =W/i)[xo/dy —(d/oy)x]f = (A/D)[xof [oy — x(df /oy)] =0, s0 [X, p,]=0.
d) [%, V(x,y,2)]f =V -Vx)f =0.

(e) Let A=—h>/2m. Then [%, H]f =

{x[A(a2/ax2 +0%y? +0%1020) + V] - [A(@%/ox® + 32 Ioy* + ¥z + V]x} f=

3-5
Copyright © 2014 Pearson Education, Inc.



A[x > flox* + x> f10y* + x0* f 102> — x> flox? = 20f |ox — x> f1oy* —x 0% f 1622 ]+
XAV — AVxf = —2A0f 1ox = (h* Im)of /ox, so [£, H]= (h>/m)d/ox.

(f) [&5%, pi1f =

1P [xyz & f10x% = (0% 1ox*)(xyzf )] = —h*[xyz & f10x% — xyz & f/0x* = 2yz 8f 1x] =
2h*yz Of ox, so [%9%, p21=2h*yzdlox.

2 2 2 2 2 2 2 2
3.31 f=—h [82+82+62J—h (82+82+82J
2m1 a.xl 6)/1 aZl 2m2 a.X2 ayz aZZ

3.32 H=—(112m)V?* +c(x* + y* + %), where V2 = 8% /ox* + 0 10y* + 6% /62>,

333 (a) [:|¥(x,0) P dx;
() 7 17 12 1% (x, .z, 0) P dxdydz ;

© (o0 o0 (o0 oo (2
(O S 1 O 1 IO|‘I’(X1,J/1,21,X2, V25 Z35 s dx, dy, dz, dx, dy, dz, .

3.34 (a) |w |2 dx 1is a probability and probabilities have no units. Since dx has SI units of m,
the SI units of y are m "%

(b) To make |y |* dxdydz dimensionless, the SI units of y are m >,

(¢) To make |y |* dx, dy, dz, ---dx, dy, dz, dimensionless, the SI units of y are m "

3.35 Letthex, y, and z directions correspond to the order used in the problem to state the edge
lengths. The ground state has n, n, n, quantum numbers of 111. The first excited state
has one quantum number equal to 2. The quantum-mechanical energy decreases as the
length of a side of the box increases. Hence in the first excited state, the quantum-number
value 2 is for the direction of the longest edge, the z direction. Then

(12 12 22 B2 1P 1P
Ww=s— | —+—+—|——| =+—=+—
Sm[az b’ ch Sm(az b’ czj

3h 3(6.626x 107 Js)

14 -1
5 = = ——— = 7-58x10" s
8mc”  8(9.109x107" kg)(6.00x107"" m)

3.36 (a) Use of Egs. (3.74) and (A.2) gives [500 ™™ [T:00 M [0400™ |y, |2 dx dy dz =
[040mm 2/ a)sin® (zx/a)dx [F3 "™ (2/b)sin’ (zy/b)dy [300™™ (2/c)sin®(zz/c)dz =
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3.37

3.38

3.39

3.40

X sin(27rx/a)} 300 mm

a 27 c 27

040 mm [ v sin(27ry/b)}
0 b 2z 2.00 nm

(040 sin(27 - 0.40/1.00)}{2.00 —1.50 sin(27-2.00/2.00) —sin(27 -1.50/2.00)} y
1 1.00 2 2.00 2r

3.00-2.00 sin(27-3.00/5.00) —sin(27z - 2.00/5.00) |

500 2z } -
(0.3065)(0.09085)(0.3871) = 0.0108.

(b) The y and z ranges of the region include the full range of y and z, and the y and z

200 mm [5 ) sin(Zﬂz/c)}
1.50 nm

factors in y are normalized. Hence the y and z integrals each equal 1. The x integral is the
same as in part (a), so the probability is 0.3065.

(c) The same as (b), namely, 0.3065.

p, =—ih0d/ox. (a) O(sinkx)/Ox = kcoskx, so y is not an eigenfunction of p ..
Eq. (3.73). The eigenvalue is hzni /4a*, which is the value observed if pﬁ is measured.
(c) ﬁzzt//(&m = —1* (0% /02 W3 = W (1) (n,z/ c)zt//(3.73) and the observed value is
h*n?/4c?,

(d) Xy 373 = XW(3.73) # (COnst.)y 3 73y, SO y is not an eigenfunction of x.

Since n, =2, the plane y =5b/2 is a nodal plane within the box; this plane is parallel to

the xz plane and bisects the box. With n, =3, the function sin(37z/c) is zero on the nodal
planes z = ¢/3 and z = 2¢/3; these planes are parallel to the xy plane.

(@) |w [ is a maximum where || is a maximum. We have |1//| = |f(x)||g(y)||h(z)|. For

n, =1,

f(x)| = (2/a)"? |sin(7rx/a)| is a maximum at x = a/2. Also, g(y)| is a maximum

at y=>5/2 and |h(z)| is a maximum at z = ¢/2. Therefore |1//| is a maximum at the point
(a/2, b/2, c¢/2), which is the center of the box.

(b)

maximum at y =b/2 and |h(z)| is a maximum at z = ¢/2. Therefore |w| is @ maximum at
the points (a/4, b/2, ¢/2) and (3a/4, b/2, c/2),

f(x)| = (2/a)"? |sin(27zx/a)| is a maximum at x = a/4 and at x =3a/4. |g(y)| isa

When integrating over one variable, we treat the other two variables as constant; hence
I1IF)G()H(2)dxdydz = [[[ [ F()G()H () dx |dy dz = ] |Gy H(2)[ [ F(x)dx | dy dz
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341

3.42

3.43

3.44

3.45

=[1F@axI[JG()H (2 dy Jd= = [F(x)dx[H () [ G(y)dy ] dz =
[F(x)dx]G(y)dy[H(z)dz.

If the ratio of two edge lengths is exactly an integer, we have degeneracy. For example, if
b = ka, where £ is an integer, then ni la* + ni /b? = (nf + nﬁ/kz)/az. The (n,, n,, n,)

states (1, 2k, n,) and (2, k, n,) have the same energy.

O’y a%// . O’y
ox? ay2 oz
v(x, y, z) = F(x)G(y)H(z). Substitution into the Schrodinger equation followed by

2 2
division by FGH, gives —h— ld—F id—f + Ld_]j
2m G dy H dz

With V=0, we have —;—( 5 ]= Ey . Assume

F dx?

2 2 2 2 2
h ld]; =E+h ldG—i-LdIz_I (Eq. 1). LetE——h—idF
Zm F dx 2m\ G dy H dz 2m| F dx?

Then, since F is a function of x only, E is independent of y and z. But Eq. 1 shows E, is

J:E and

equal to the right side of Eq. 1, which is independent of x, so E is independent of x.
Hence E, is a constant and —(7*12m)(d*Fdx*) = E_F. This is the same as the one-
dimensional free-particle Schrodinger equation (2.29), so F(x) and E, are given by (2.30)

and (2.31). By symmetry, G and H are given by (2.30) with x replaced by y and by z,
respectively.

For a linear combination of eigenfunctions of H to be an eigenfunction of H , the
eigenfunctions must have the same eigenvalue. In this case, they must have the same
value of ni + ni + nz2 The functions (a) and (c) are eigenfunctions of H and (b) is not.

In addition to the 11 states shown in the table after Eq. (3.75), the following 6 states have
E@ma*/h*)<15:

123 132 213 231 312 321
E8ma*/h*) 14 14 14 14 14 14

These 6 states and the 11 listed in the textbook give a total of 17 states. These 17 states
have 6 different values of E(8ma®/h*), and there are 6 energy levels.

(a) From the table after Eq. (3.75), there is only one state with this value, so the degree of
degeneracy is 1, meaning this level is nondegenerate.
(b) From the table in the Prob. 3.44 solution, the degree of degeneracy is 6.
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(¢) The following n,n,n, values have E(8ma®/h*) =27; 115,151, 511, 333. The degree
of degeneracy is 4.

3.46 (a) These are linearly independent since none of them can be written as a linear
combination of the others.

(b) Since 3x* —1=3(x?)— %(8), these are not linearly independent.
(c) Linearly independent.

(d) Linearly independent.

(e) Since €™ = cosx +isin x, these are linearly dependent.

(f) Since 1=sin’x +cos’x, these are linearly dependent.

(9) Linearly independent.

3.47 See the beginning of Sec. 3.6 for the proof.

348 (@) (0 =[o00ox| /()P g P h(z) P dxdydz =
[8x] £ Pdx ]l | g(v) Pdy [§ | h(z) P dz, where £, g, and h are given preceding Eq.
(3.72). Since g and & are normalized, (x) = J§ x| £ (x) |* dx = (2/a) [y xsin*(n zx/a)dx =

a

2 2
_{x_ — - sin@nzxla) - a—zcos(2nx7zx/a)} - % where Eq. (A.3) was used.

2
4 4n.r n;

0
(b) By symmetry, {y) =5/2 and (z) = c¢/2.
(c) The derivation of Eq. (3.92) for the ground state applies to any state, and (p,) = 0.

(d) Since g and 4 are normalized,
(x*) =Jg x* | f(x)]F dx = (2/a) ] x* sin®(n 7x/a)dx =

20 X° ax® a a’x
= ———— sin(2n. 7wt x/a)————cos(2n. 7w x/a
a{ 6 (4@” 8n)3c7r3j Gl a) = gz oS x/a)

“ 2 2
a

)

= T Ty 5
2n’r?

=N

X 0

where Eq. (A.4) was used. We have (x)? = a*/4 = (x*). Also,
oy =[50 x| o) Pl g () PLA(z) P dxdy dz =
[ox fo) Paxly v g Pdyly | hz) P dz = (x)p).

349 (A+B)= j\P*(/i + B)W dr =[WHAY + BY) d7 =j\11*21tp dr+ [W*BY dr =

(A)+(B). Also (cB) = j W(cB)Y dr = ¢ j W BY dr = (B).
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3.50 (a) Not acceptable, since it is not quadratically integrable. This is obvious from a graph or
from |*_ e™** dx = —(1/2a)e " |°, = .

(b) This is acceptable, since it is single-valued, continuous, and quadratically integrable
when multiplied by a normalization constant. See Egs. (4.49) and (A.9).

(c) This is acceptable, since it is single-valued, continuous, and quadratically integrable
when multiplied by a normalization constant. See Egs. (4.49) and (A.10) with n = 1.

(d) Acceptable for the same reasons as in (b).

(e) Not acceptable since it is not continuous at x = 0.

3.51 Given: ihd¥,/dt = H'Y, and ih0¥,/0t = HY, . Prove that
ihd(e, ¥, +c,¥,) /6t = H(c,¥, +¢,¥,). We have ihd(c,¥, +¢c,¥,) /ot =
iH[O(c,'¥,)/ ot +0(c, ¥, )/ dt] = c,ihd¥,/ Ot + ,ihd¥, /ot = ¢, HY | + ¢, HY , =

H(c¥Y, +c,¥,),since H is linear.

3.52 (a) An inefficient C++ program is

#include <iostream>
using namespace std;
int main() {
int m, i, j, k, nx, ny, nz, L[400], N[400], R[400], S[400];
i=0;
for (nx=1; nx<8; nx=nx+1) {
for (ny=1; ny<8; ny=ny+1) {
for (nz=1; nz<8; nz=nz+1) {
m=nx*nx+ny*ny+nz*nz,
if (m>60)
continue;
i=i+1;
L[i]=m;
N[i]=nx;
R[i]=ny;
S[il=nz;
}
}
}
for (k=3; k<61; k=k+1) {
for (j=1; j<=i; j=j+1) {

if (L[j]==k)
cout<<N[jl<< " "<<R[jlx< " "<<S[j]<< " "<<L[j]<<end]I;
}
}
return O;
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3.53

A free integrated development environment (IDE) to debug and run C++ programs is
Code::Blocks, available at www.codeblocks.org. For a Windows computer, downloading
the file with mingw-setup.exe as part of the name will include the MinGW (GCC) compiler
for C++. Free user guides and manuals for Code::Blocks can be found by searching the
Internet.

Alternatively, you can run the program at ideone.com.

(b) One finds 12 states.

(@) T. (b) F. See the paragraph preceding the example at the end of Sec. 3.3.

(c) F. This is only true if f; and f; have the same eigenvalue.

(d) F. (e) F. This is only true if the two solutions have the same energy eigenvalue.
(f) F. This is only true for stationary states.

(@) F. (h) F. x(5x) # (const.)(5x).

(i) T. I:I‘I’ — I:I(e_iEt/hl//) — e—iEt/h]:Il// — Ee—iEt/hl// - EY.

T (kT (IF

(M) T. A>f = A(Af) = A(af) = aAf = a*f, provided A is linear. Note that the
definition of eigenfunction and eigenvalue in Sec. 3.2 specified that A is linear.

(n) F. (o) F.
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